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DISCRETE LAGRANGIAN AND HAMILTONIAN MECHANICS
ON LIE GROUPOIDS
JUAN C. MARRERO, DAVID MARTI´N DE DIEGO, AND EDUARDO MARTI´NEZ
Abstract. The purpose of this paper is to describe geometrically discrete
Lagrangian and Hamiltonian Mechanics on Lie groupoids. From a variational
principle we derive the discrete Euler-Lagrange equations and we introduce a
symplectic 2-section, which is preserved by the Lagrange evolution operator.
In terms of the discrete Legendre transformations we define the Hamiltonian
evolution operator which is a symplectic map with respect to the canonical
symplectic 2-section on the prolongation of the dual of the Lie algebroid of
the given groupoid. The equations we get include as particular cases the
classical discrete Euler-Lagrange equations, the discrete Euler-Poincare´ and
discrete Lagrange-Poincare´ equations. Our results can be important for the
construction of geometric integrators for continuous Lagrangian systems.
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1. Introduction
During the last decade, much effort has been devoted to construction of geomet-
ric integrators for Lagrangian systems using a discrete variational principle (see [21]
and references therein). In particular, this effort has been concentrated for the case
of discrete Lagrangian functions L on the cartesian product Q×Q of a differentiable
manifold. This cartesian product plays the role of a “discretized version” of the
standard velocity phase space TQ. Applying a natural discrete variational princi-
ple, one obtains a second order recursion operator ξ : Q×Q −→ Q×Q assigning
to each input pair (x, y) the output pair (y, z). When the discrete Lagrangian is
an approximation of a continuous Lagrangian function (more appropriately, when
the discrete Lagrangian approximates the integral action for L) we obtain a nu-
merical integrator which inherits some of the geometric properties of the contin-
uous Lagrangian (symplecticity, momentum preservation). Although this type of
geometric integrators have been mainly considered for conservative systems, the
extension to geometric integrators for more involved situations is relatively easy,
since, in some sense, many of the constructions mimic the corresponding ones for
the continuous counterpart. In this sense, it has been recently shown how dis-
crete variational mechanics can include forced or dissipative systems, holonomic
constraints, explicitely time-dependent systems, frictional contact, nonholonomic
constraints, multisymplectic fields theories... All these geometric integrators have
demonstrated, in worked examples, an exceptionally good longtime behavior and
obviously this research is of great interest for numerical and geometric considera-
tions (see [8]).
On the other hand, Moser and Veselov [26] consider also discrete Lagrangian
systems evolving on a Lie group. All this examples leads to A. Weinstein [31] to
study discrete mechanics on Lie groupoids, which is a structure that includes as
particular examples the case of cartesian products Q×Q as well as Lie groups.
A Lie groupoid G is a natural generalization of the concept of a Lie group,
where now not all elements are composable. The product g1g2 of two elements is
only defined on the set of composable pairs G2 = {(g, h) ∈ G × G | β(g) = α(h)}
where α : G −→ M and β : G −→ M are the source and target maps over a
base manifold M . This concept was introduced in differential geometry by Ch.
Ereshmann in the 1950’s. The infinitesimal version of a Lie groupoid G is the Lie
algebroid AG −→ M , which is the restriction of the vertical bundle of α to the
submanifold of the identities.
We may thought a Lie algebroid A over a manifold M , with projection τ :
A → M , as a generalized version of the tangent bundle to M . The geometry and
dynamics on Lie algebroids have been extensively studied during the past years.
In particular, one of the authors of this paper (see [22]) developed a geometric
formalism of mechanics on Lie algebroids similar to Klein’s formalism [11] of the
ordinary Lagrangian mechanics and more recently a description of the Hamiltonian
dynamics on a Lie algebroid was given in [14, 23] (see also [28]).
The key concept in this theory is the prolongation, PτA, of the Lie algebroid over
the fibred projection τ (for the Lagrangian formalism) and the prolongation, Pτ
∗
A,
over the dual fibred projection τ∗ : A∗ −→M (for the Hamiltonian formalism). See
[14] for more details. Of course, when the Lie algebroid is A = TQ we obtain that
PτA = T (TQ) and Pτ
∗
A = T (T ∗Q), recovering the classical case. An alternative
approach, using the linear Poisson structure on A∗ and the canonical isomorphism
between T ∗A and T ∗A∗ was discussed in [7].
Taking as starting point the results by A. Weinstein [31], we elucidate in this
paper the geometry of Lagrangian systems on Lie groupoids and its Hamiltonian
counterpart. Weinstein gave a variational derivation of the discrete Euler-Lagrange
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equations for a Lagrangian L : G → R on a Lie groupoid G. We show that the
appropriate space to develop a geometric formalism for these equations is the Lie
algebroid PτG ≡ V β ⊕G V α → G (see section 3 for the definition of the Lie
algebroid structure). Note that PτG is the total space of the prolongation of the
Lie groupoid G over the vector bundle projection τ : AG → M , and that the Lie
algebroid of PτG is just the prolongation Pτ (AG) (the space were the continuous
Lagrangian Mechanics is developed). Using the Lie algebroid structure of PτG we
may describe discrete Mechanics on the Lie groupoid G. In particular,
– We give a variational derivation of the discrete Euler-Lagrange equations:
←−
X (g)(L)−
−→
X (h)(L) = 0
for every sectionX ofAG, where the right or left arrow denotes the induced
right and left-invariant vector field on G.
– We introduce two Poincare´-Cartan 1-sections Θ+L and Θ
−
L , and an unique
Poincare´-Cartan 2-section, ΩL, on the Lie algebroid P
τG −→ G.
– We study the discrete Lagrangian evolution operator ξ : G −→ G and its
preservation properties. In particular, we prove that (Pτξ, ξ)∗ΩL = ΩL,
where Pτξ is the natural prolongation of ξ to PτG.
– Reduction theory is stablished in terms of morphisms of Lie groupoids.
– The associated Hamiltonian formalism is developed using the discrete Le-
gendre transformations F+L : G→ A∗G and F−L : G→ A∗G.
– A complete characterization of the regularity of a Lagrangian on a Lie
groupoid is given in terms of the symplecticity of ΩL or, alternatively,
in terms of the regularity of the discrete Legendre transformations. In
particular, Theorem 4.13 solves the question posed by Weinstein [31] about
the regularity conditions for a discrete Lagrangian function on more general
Lie groupoids than the cartesian product Q × Q. In the regular case, we
define the Hamiltonian evolution operator and we prove that it defines a
symplectic map.
– We prove a Noether’s theorem for discrete Mechanics on Lie groupoids.
– Finally, some illustrative examples are shown, for instance, discrete Me-
chanics on the cartesian product Q×Q, on Lie groups (discrete Lie-Poisson
equations), on action Lie groupoids (discrete Euler-Poincare´ equations)
and on gauge or Atiyah Lie groupoids (discrete Lagrange-Poincare´ equa-
tions).
We expect that the results of this paper could be relevant in the construction of
new geometric integrators, in particular, for the numerical integration of dynamical
systems with symmetry.
The paper is structured as follows. In Section 2 we review some basic results on
Lie algebroids and Lie groupoids. Section 3 is devoted to study the Lie algebroid
structure of the vector bundle PτG ≡ V β ⊕G V α → G. The main results of the
paper appear in Section 4, where the geometric structure of discrete Mechanics
on Lie groupoids is given. Finally, in Section 5, we study several examples of the
theory.
2. Lie algebroids and Lie groupoids
2.1. Lie algebroids. A Lie algebroid A over a manifoldM is a real vector bundle
τ : A → M together with a Lie bracket [[·, ·]] on the space Γ(τ) of the global cross
sections of τ : A → M and a bundle map ρ : A → TM , called the anchor map,
such that if we also denote by ρ : Γ(τ) → X(M) the homomorphism of C∞(M)-
modules induced by the anchor map then
[[X, fY ]] = f [[X,Y ]] + ρ(X)(f)Y, (2.1)
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for X,Y ∈ Γ(τ) and f ∈ C∞(M) (see [17]).
If X,Y, Z ∈ Γ(τ) and f ∈ C∞(M) then, using (2.1) and the fact that [[·, ·]] is a
Lie bracket, we obtain that
[[[[X,Y ]], fZ]] = f([[X, [[Y, Z]]]]− [[Y, [[X,Z]]]]) + [ρ(X), ρ(Y )](f)Z. (2.2)
On the other hand, from (2.1), it follows that
[[[[X,Y ]], fZ]] = f [[[[X,Y ]], Z]] + ρ[[X,Y ]](f)Z. (2.3)
Thus, using (2.2), (2.3) and the fact that [[·, ·]] is a Lie bracket, we conclude that
ρ[[X,Y ]] = [ρ(X), ρ(Y )],
that is, ρ : Γ(τ)→ X(M) is a homomorphism between the Lie algebras (Γ(τ), [[·, ·]])
and (X(M), [·, ·]).
If (A, [[·, ·]], ρ) is a Lie algebroid over M , one may define the differential of A,
d : Γ(∧kτ∗)→ Γ(∧k+1τ∗), as follows
dµ(X0, . . . , Xk) =
k∑
i=0
(−1)iρ(Xi)(µ(X0, . . . , X̂i, . . . , Xk))
+
∑
i<j
(−1)i+jµ([[Xi, Xj ]], X0, . . . , X̂i, . . . , X̂j , . . . , Xk),
(2.4)
for µ ∈ Γ(∧kτ∗) and X0, . . . , Xk ∈ Γ(τ). d is a cohomology operator, that is, d
2 = 0.
In particular, if f : M −→ R is a real smooth function then df(X) = ρ(X)f, for
X ∈ Γ(τ). We may also define the Lie derivative with respect to a section X of
A as the operator LX : Γ(Λ
kA∗) −→ Γ(ΛkA∗) given by LX = iX ◦ d+ d ◦ iX (for
more details, see [17]).
Trivial examples of Lie algebroids are a real Lie algebra g of finite dimension (in
this case, the base space is a single point) and the tangent bundle TM of a manifold
M . Other examples of Lie algebroids are: i) the vertical bundle (τP )|V π : V π → P
of a fibration π : P →M (and, in general, the tangent vectors to a foliation of finite
dimension on a manifold P ); ii) the Atiyah algebroid associated with a prin-
cipal G-bundle (see [14, 17]); iii) the prolongation PπA of a Lie algebroid
A over a fibration π : P → M (see [9, 14]) and iv) the action Lie algebroid
A⋉ f over a map f :M ′ →M (see [9, 14]).
Now, let (A, [[·, ·]], ρ) (resp., (A′, [[·, ·]]′, ρ′)) be a Lie algebroid over a manifold M
(resp.,M ′) and suppose that Ψ : A→ A′ is a vector bundle morphism over the map
Ψ0 :M →M
′. Then, the pair (Ψ,Ψ0) is said to be a Lie algebroid morphism if
d((Ψ,Ψ0)
∗φ′) = (Ψ,Ψ0)
∗(d′φ′), for all φ′ ∈ Γ(∧k(A′)∗) and for all k, (2.5)
where d (resp., d′) is the differential of the Lie algebroid A (resp., A′) (see [14]). In
the particular case when M =M ′ and Ψ0 = Id then (2.5) holds if and only if
[[Ψ ◦X,Ψ ◦ Y ]]′ = Ψ[[X,Y ]], ρ′(ΨX) = ρ(X), for X,Y ∈ Γ(τ).
2.2. Lie groupoids. In this Section, we will recall the definition of a Lie groupoid
and some generalities about them are explained (for more details, see [3, 17]).
A groupoid over a set M is a set G together with the following structural maps:
• A pair of maps α : G → M , the source, and β : G → M , the target.
Thus, an element g ∈ G is thought as an arrow from x = α(g) to y = β(g)
in M
•
x = α(g)
g
&&•
y = β(g)
The maps α and β define the set of composable pairs
G2 = {(g, h) ∈ G×G/β(g) = α(h)}.
DISCRETE LAGRANGIAN AND HAMILTONIAN MECHANICS ON LIE GROUPOIDS 5
• A multiplication m : G2 → G, to be denoted simply by m(g, h) = gh,
such that
– α(gh) = α(g) and β(gh) = β(h).
– g(hk) = (gh)k.
If g is an arrow from x = α(g) to y = β(g) = α(h) and h is an arrow from
y to z = β(h) then gh is the composite arrow from x to z
•
x = α(g) = α(gh)
gh
&&
g
&&
•
y = β(g) = α(h)
h &&
•
z = β(h) = β(gh)
• An identity section ǫ :M → G such that
– ǫ(α(g))g = g and gǫ(β(g)) = g.
• An inversion map i : G→ G, to be denoted simply by i(g) = g−1, such
that
– g−1g = ǫ(β(g)) and gg−1 = ǫ(α(g)).
•
x = α(g) = β(g−1)
g
&&
•
y = β(g) = α(g−1)
g−1
ff
A groupoid G over a set M will be denoted simply by the symbol G⇒M .
The groupoidG⇒M is said to be a Lie groupoid if G andM are manifolds and
all the structural maps are differentiable with α and β differentiable submersions.
If G ⇒ M is a Lie groupoid then m is a submersion, ǫ is an immersion and i is
a diffeomorphism. Moreover, if x ∈ M , α−1(x) (resp., β−1(x)) will be said the
α-fiber (resp., the β-fiber) of x.
On the other hand, if g ∈ G then the left-translation by g ∈ G and the
right-translation by g are the diffeomorphisms
lg : α
−1(β(g)) −→ α−1(α(g)) ; h −→ lg(h) = gh,
rg : β
−1(α(g)) −→ β−1(β(g)) ; h −→ rg(h) = hg.
Note that l−1g = lg−1 and r
−1
g = rg−1 .
A vector field X˜ on G is said to be left-invariant (resp., right-invariant) if
it is tangent to the fibers of α (resp., β) and X˜(gh) = (Thlg)(X˜h) (resp., X˜(gh) =
(Tgrh)(X˜(g))), for (g, h) ∈ G2.
Now, we will recall the definition of the Lie algebroid associated with G.
We consider the vector bundle τ : AG → M , whose fiber at a point x ∈ M
is AxG = Vǫ(x)α = Ker(Tǫ(x)α). It is easy to prove that there exists a bijection
between the space Γ(τ) and the set of left-invariant (resp., right-invariant) vector
fields on G. If X is a section of τ : AG → M , the corresponding left-invariant
(resp., right-invariant) vector field on G will be denoted
←−
X (resp.,
−→
X ), where
←−
X (g) = (Tǫ(β(g))lg)(X(β(g))), (2.6)
−→
X (g) = −(Tǫ(α(g))rg)((Tǫ(α(g))i)(X(α(g)))), (2.7)
for g ∈ G. Using the above facts, we may introduce a Lie algebroid structure
([[·, ·]], ρ) on AG, which is defined by
←−−−−
[[X,Y ]] = [
←−
X,
←−
Y ], ρ(X)(x) = (Tǫ(x)β)(X(x)), (2.8)
for X,Y ∈ Γ(τ) and x ∈M . Note that
−−−−→
[[X,Y ]] = −[
−→
X,
−→
Y ], [
−→
X,
←−
Y ] = 0, (2.9)
T i ◦
−→
X = −
←−
X ◦ i, T i ◦
←−
X = −
−→
X ◦ i, (2.10)
(for more details, see [4, 17]).
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Given two Lie groupoidsG⇒M and G′ ⇒M ′, amorphism of Lie groupoids
is a smooth map Φ : G→ G′ such that
(g, h) ∈ G2 =⇒ (Φ(g),Φ(h)) ∈ (G
′)2
and
Φ(gh) = Φ(g)Φ(h).
A morphism of Lie groupoids Φ : G→ G′ induces a smooth map Φ0 : M →M
′ in
such a way that
α′ ◦ Φ = Φ0 ◦ α, β
′ ◦ Φ = Φ0 ◦ β, Φ ◦ ǫ = ǫ
′ ◦ Φ0,
α, β and ǫ (resp., α′, β′ and ǫ′) being the source, the target and the identity section
of G (resp., G′).
Suppose that (Φ,Φ0) is a morphism between the Lie groupoids G ⇒ M and
G′ ⇒ M ′ and that τ : AG → M (resp., τ ′ : AG′ → M ′) is the Lie algebroid of
G (resp., G′). Then, if x ∈ M we may consider the linear map Ax(Φ) : AxG →
AΦ0(x)G
′ defined by
Ax(Φ)(vǫ(x)) = (Tǫ(x)Φ)(vǫ(x)), for vǫ(x) ∈ AxG. (2.11)
In fact, we have that the pair (A(Φ),Φ0) is a morphism between the Lie algebroids
τ : AG→M and τ ′ : AG′ →M ′ (see [17]).
Next, we will present some examples of Lie groupoids.
1.- Lie groups. Any Lie group G is a Lie groupoid over {e}, the identity element
of G. The Lie algebroid associated with G is just the Lie algebra g of G.
2.- The pair or banal groupoid. Let M be a manifold. The product manifold
M ×M is a Lie groupoid over M in the following way: α is the projection onto
the first factor and β is the projection onto the second factor; ǫ(x) = (x, x), for all
x ∈ M , m((x, y), (y, z)) = (x, z), for (x, y), (y, z) ∈ M ×M and i(x, y) = (y, x).
M ×M ⇒M is called the pair or banal groupoid. If x is a point ofM , it follows
that
Vǫ(x)α = {0x} × TxM ⊆ TxM × TxM ∼= T(x,x)(M ×M).
Thus, the linear maps
Ψx : TxM → Vǫ(x)α, vx → (0x, vx),
induce an isomorphism (over the identity of M) between the Lie algebroids τM :
TM →M and τ : A(M ×M)→M.
3.- The Lie groupoid associated with a fibration. Let π : P → M be a
fibration, that is, π is a surjective submersion and denote by Gπ the subset of P ×P
given by
Gπ = {(p, p
′) ∈ P × P/π(p) = π(p′)}.
Then, Gπ is a Lie groupoid over P and the structural maps απ, βπ, mπ, ǫπ and iπ
are the restrictions to Gπ of the structural maps of the pair groupoid P × P ⇒ P .
If p is a point of P it follows that
Vǫpi(p)απ = {(0p, Yp) ∈ TpP × TpP/(Tpπ)(Yp) = 0}.
Thus, if (τP )|V π : V π → P is the vertical bundle to π then the linear maps
(Ψπ)p : Vpπ −→ Vǫpi(p)απ, Yp −→ (0p, Yp)
induce an isomorphism (over the identity ofM) between the Lie algebroids (τP )|V π :
V π → P and τ : AGπ → P .
4.- Atiyah or gauge groupoids. Let p : Q → M be a principal G-bundle.
Then, the free action, Φ : G×Q→ Q, (g, q)→ Φ(g, q) = gq, of G on Q induces, in
a natural way, a free action Φ × Φ : G × (Q × Q) → Q × Q of G on Q ×Q given
by (Φ×Φ)(g, (q, q′)) = (gq, gq′), for g ∈ G and (q, q′) ∈ Q×Q. Moreover, one may
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consider the quotient manifold (Q×Q)/G and it admits a Lie groupoid structure
over M with structural maps given by
α˜ : (Q×Q)/G −→M ; [(q, q′)] −→ p(q),
β˜ : (Q×Q)/G −→M ; [(q, q′)] −→ p(q′),
ǫ˜ : M −→ (Q×Q)/G ; x −→ [(q, q)], if p(q) = x,
m˜ : ((Q×Q)/G)2 −→ (Q×Q)/G ; ([(q, q
′)], [(gq′, q′′)]) −→ [(gq, q′′)],
i˜ : (Q×Q)/G −→ (Q×Q)/G ; [(q, q′)] −→ [(q′, q)].
This Lie groupoid is called the Atiyah (gauge) groupoid associated with the
principal G-bundle p : Q→M (see [16]).
If x is a point of M such that p(q) = x, with q ∈ Q, and pQ×Q : Q × Q →
(Q×Q)/G is the canonical projection then it is clear that
Vǫ˜(x)α˜ = (T(q,q)pQ×Q)({0q} × TqQ).
Thus, if τQ|G : TQ/G → M is the Atiyah algebroid associated with the principal
G-bundle p : G→M then the linear maps
(TQ/G)x → Vǫ˜(x)α˜ ; [vq]→ (T(q,q)pQ×Q)(0q, vq), with vq ∈ TqQ,
induce an isomorphism (over the identity of M) between the Lie algebroids τ :
A((Q×Q)/G)→M and τQ|G : TQ/G→M .
5.- The prolongation of a Lie groupoid over a fibration. Given a Lie
groupoid G⇒M and a fibration π : P →M , we consider the set
PπG = P π×α G β×π P = {(p, g, p
′) ∈ P ×G× P/π(p) = α(g), β(g) = π(p′)}.
Then, PπG is a Lie groupoid over P with structural maps given by
απ : PπG −→ P ; (p, g, p′) −→ p,
βπ : PπG −→ P ; (p, g, p′) −→ p′,
ǫπ : P −→ PπG ; p −→ (p, ǫ(π(p)), p),
mπ : (PπG)2 −→ P
πG ; ((p, g, p′), (p′, h, p′′)) −→ (p, gh, p′′),
iπ : PπG −→ PπG ; (p, g, p′) −→ (p′, g−1, p).
PπG is called the prolongation of G over π : P →M .
Now, denote by τ : AG→M the Lie algebroid ofG, by A(PπG) the Lie algebroid
of PπG and by Pπ(AG) the prolongation of τ : AG → M over the fibration π. If
p ∈ P and m = π(p), then it follows that
Ap(P
πG) = {(0p, vǫ(m), Xp) ∈ TpP × AmG× TpP/(Tpπ)(Xp) = (Tǫ(m)β)(vǫ(m))}
and, thus, one may consider the linear isomorphism
(Ψπ)p : Ap(P
πG) −→ Pπp (AG), (0p, vǫ(m), Xp) −→ (vǫ(m), Xp). (2.12)
In addition, one may prove that the maps (Ψπ)p, p ∈ P , induce an isomorphism
Ψπ : A(PπG) → Pπ(AG) between the Lie algebroids A(PπG) and Pπ(AG) (for
more details, see [9]).
6.- Action Lie groupoids. Let G⇒M be a Lie groupoid and π : P →M be
a smooth map. If P π×α G = {(p, g) ∈ P ×G/π(p) = α(g)} then a right action of
G on π is a smooth map
P π×α G→ P, (p, g)→ pg,
which satisfies the following relations
π(pg) = β(g), for (p, g) ∈ P π×α G,
(pg)h = p(gh), for (p, g) ∈ P π×α G and (g, h) ∈ G2, and
pǫ(π(p)) = p, for p ∈ P.
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Given such an action one constructs the action Lie groupoid P π×α G over
P by defining
α˜π : P π×α G −→ P ; (p, g) −→ p,
β˜π : P π×α G −→ P ; (p, g) −→ pg,
ǫ˜π : P −→ P π×α G ; p −→ (p, ǫ(π(p))),
m˜π : (P π×α G)2 −→ P π×α G ; ((p, g), (pg, h)) −→ (p, gh),
i˜π : P π×α G −→ P π×α G ; (p, g) −→ (pg, g
−1).
Now, if p ∈ P , we consider the map p · : α−1(π(p))→ P given by
p · (g) = pg.
Then, if τ : AG→M is the Lie algebroid of G, the R-linear map Φ : Γ(τ)→ X(P )
defined by
Φ(X)(p) = (Tǫ(π(p))p ·)(X(π(p))), for X ∈ Γ(τ) and p ∈ P,
induces an action of AG on π : P → M . In addition, the Lie algebroid associated
with the Lie groupoid P π×α G⇒ P is the action Lie algebroid AG⋉ π (for more
details, see [9]).
3. Lie algebroid structure on the vector bundle πτ : PτG→ G
Let G⇒M be a Lie groupoid with structural maps
α, β : G→M, ǫ : M → G, i : G→ G, m : G2 → G.
Suppose that τ : AG → M is the Lie algebroid of G and that PτG is the prolon-
gation of G over the fibration τ : AG → M (see Example 5 in Section 2.2), that
is,
PτG = AG τ×α G β×τ AG.
PτG is a Lie groupoid over AG and we may define the bijective map Θ : PτG →
V β ⊕G V α as follows
Θ(uǫ(α(g)), g, vǫ(β(g))) = ((Tǫ(α(g))(rg ◦ i))(uǫ(α(g))), (Tǫ(β(g))lg)(vǫ(β(g)))),
for (uǫ(α(g)), g, vǫ(β(g))) ∈ Aα(g)G×G×Aβ(g)G. Thus, V β⊕G V α is a Lie groupoid
over AG (this Lie groupoid was considered by Saunders [30]). We remark that the
Lie algebroid of PτG ≡ V β ⊕G V α ⇒ AG is isomorphic to the prolongation of
AG over τ : AG → M and that the prolongation of a Lie algebroid A over the
vector bundle projection τ : A → M plays an important role in the description of
Lagrangian Mechanics on A (see [14, 22]).
On the other hand, note that PτG ≡ V β ⊕G V α is a real vector bundle over
G. In this section, we will prove that the vector bundle πτ : PτG → G admits an
integrable Lie algebroid structure. In other words, we will prove that there exists
a Lie groupoid H ⇒ G over G such that the Lie algebroid AH is isomorphic to the
real vector bundle πτ : PτG → G. In addition, we will see that the Lie groupoid
H is isomorphic to the prolongations of G over α and β.
It is clear that the Lie algebroids of the Lie groupoids over G
Gβ = {(g, h) ∈ G×G/β(g) = β(h)}, Gα = {(r, s) ∈ G×G/α(r) = α(s)},
are just V β → G and V α → G, respectively. This fact suggests to consider the
following manifold
Gβ ⋆ Gα = {((g, h), (r, s)) ∈ Gβ ×Gα/ββ(g, h) = αα(r, s)},
where ββ : Gβ → G (respectively, αα : Gα → G) is the target (respectively, the
source) of the Lie groupoid Gβ ⇒ G (respectively, Gα ⇒ G).
We will identify the space Gβ ⋆ Gα with
{(g, h, s) ∈ G×G×G/β(g) = β(h), α(h) = α(s)}.
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This space admits a Lie groupoid structure over G with structural maps given by
αβα : Gβ ⋆ Gα −→ G ; (g, h, s) −→ g,
ββα : Gβ ⋆ Gα −→ G ; (g, h, s) −→ s,
ǫβα : G −→ Gβ ⋆ Gα ; g −→ (g, g, g),
mβα : (Gβ ⋆ Gα)2 −→ Gβ ⋆ Gα ; ((g, h, s), (s, h
′, s′)) −→ (g, h′s−1h, s′),
iβα : Gβ ⋆ Gα −→ Gβ ⋆ Gα ; (g, h, s) −→ (s, gh
−1s, g).
(3.1)
Note that
jβ : Gβ −→ Gβ ⋆ Gα ; (g, h) −→ jβ(g, h) = (g, h, h),
jα : Gα −→ Gβ ⋆ Gα ; (h, s) −→ jα(h, s) = (h, h, s),
are Lie groupoid morphisms and that the map
mβα(jβ , jα) : Gβ ⋆ Gα → Gβ ⋆ Gα; (g, h, s)→ mβα(jβ(g, h), jα(h, s))
is just the identity map. This implies that (Gβ , Gα) is a matched pair of Lie
groupoids in the sense of Mackenzie [18] (see also [25]).
Denote by ([[·, ·]], ρ) the Lie algebroid structure on τ : AG→M .
Theorem 3.1. Let A(Gβ ⋆ Gα) → G be the Lie algebroid of the Lie groupoid
Gβ ⋆ Gα ⇒ G. Then:
(i) The vector bundles A(Gβ ⋆Gα)→ G and π
τ : PτG ∼= V β⊕G V α→ G are
isomorphic. Thus, the vector bundle πτ : PτG ∼= V β ⊕G V α → G admits
a Lie algebroid structure.
(ii) The anchor map ρP
τG of πτ : PτG ∼= V β ⊕G V α→ G is given by
ρP
τG(Xg, Yg) = Xg + Yg, for (Xg, Yg) ∈ Vgβ ⊕ Vgα, (3.2)
and the Lie bracket [[·, ·]]P
τG on the space Γ(πτ ) is characterized by the
following relation
[[(
−→
X,
←−
Y ), (
−→
X ′,
←−
Y ′)]]P
τG = (−
−−−−−→
[[X,X ′]],
←−−−−
[[Y, Y ′]]), (3.3)
for X,Y,X ′, Y ′ ∈ Γ(τ).
Proof. (i) If g ∈ G then, from (3.1), we deduce that the vector space Vǫβα(g)αβα
may be described as follows
Vǫβα(g)αβα = {(0g, Xg, Zg) ∈ TgG× TgG× TgG/Xg ∈ Vgβ, (Tgα)(Xg) = (Tgα)(Zg)}
∼= {(Xg, Zg) ∈ TgG× TgG/Xg ∈ Vgβ, (Tgα)(Xg) = (Tgα)(Zg)}.
Now, we will define the linear map Ψg : Vǫβα(g)αβα → Vgβ ⊕ Vgα
∼= PτgG by
Ψg(Xg, Zg) = (Xg, Zg −Xg). (3.4)
It is clear that Ψg is a linear isomorphism and
Ψ−1g (Xg, Yg) = (Xg, Xg + Yg), for (Xg, Yg) ∈ Vgβ ⊕ Vgα
∼= PτgG. (3.5)
Therefore, the collection of the maps Ψg, g ∈ G, induces a vector bundle isomor-
phism Ψ : A(Gβ ⋆ Gα)→ P
τG ∼= V β ⊕G V α over the identity of G.
(ii) A direct computation, using (3.1), proves that the linear map Tǫβα(g)ββα :
Vǫβα(g)αβα → TgG is given by
(Tǫβα(g)ββα)(Xg, Zg) = Zg. (3.6)
Consequently, from (2.8), (3.5) and (3.6), we deduce that (3.2) holds.
Next, we will prove (3.3).
Using (3.5), it follows that
(Ψ−1 ◦ (
−→
X,
←−
Y ))(g) = (0g,
−→
X (g),
−→
X (g) +
←−
Y (g)) ∼= (
−→
X (g),
−→
X (g) +
←−
Y (g)),
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for g ∈ G. Denote by
←−−−−−−−−−−
Ψ−1 ◦ (
−→
X,
←−
Y ) the corresponding left-invariant vector field on
Gβ ⋆ Gα. Then, from (2.6) and (3.1), we have that
←−−−−−−−−−−
Ψ−1 ◦ (
−→
X,
←−
Y )(g, h, s) = (0g,
−→
X (h),
−→
X (s) +
←−
Y (s)), for (g, h, s) ∈ Gβ ⋆ Gα.
Thus, using (2.8) and (2.9), we conclude that
[
←−−−−−−−−−−
Ψ−1 ◦ (
−→
X,
←−
Y ),
←−−−−−−−−−−
Ψ−1 ◦ (
−→
X ′,
←−
Y ′)] =
←−−−−−−−−−−−−−−−−−−
Ψ−1 ◦ (−
−−−−−→
[[X,X ′]],
←−−−−
[[Y, Y ′]]).
Therefore, we obtain that (3.3) holds. 
The above diagram shows the Lie groupoid and Lie algebroid structures of PτG:
PτG
ατ
βτ
+3
ρP
τG
##F
FF
FF
FF
F
πτ

AG
ρ
""F
FF
FF
FF
F
τ

TG
Tα
Tβ
+3
τG
{{xx
xx
xx
xx
x
TM
τM
||xx
xx
xx
xx
G
α
β
+3 M
Given a section X of AG −→ M , we define the sections X(1,0), X(0,1) (the β
and α- lifts) and X(1,1) (the complete lift) of X to πτ : PτG −→ G as follows:
X(1,0)(g) = (
−→
X (g), 0g), X
(0,1)(g) = (0g,
←−
X (g)) and X(1,1)(g) = (−
−→
X (g),
←−
X (g))
We can easily see that
[[X(1,0), Y (1,0)]]P
τG = −[[X,Y ]](1,0)
[[X(0,1), Y (0,1)]]P
τG = [[X,Y ]](0,1)
and [[X(0,1), Y (1,0)]]P
τG = 0 (3.7)
and, as a consequence,
[[X(1,1), Y (1,0)]]P
τG = [[X,Y ]](1,0)
[[X(1,1), Y (0,1)]]P
τG = [[X,Y ]](0,1)
and [[X(1,1), Y (1,1)]]P
τG = [[X,Y ]](1,1). (3.8)
Remark 3.2. From Theorem 3.1, we deduce that the canonical inclusions
(Id, 0) : V β → PτG ∼= V β ⊕G V α, (0, Id) : V α→ P
τG ∼= V β ⊕G V α,
are Lie algebroid morphisms over the identity of G. In other words, (V β, V α) is
a matched pair of Lie algebroids in the sense of Mokri [25]. This fact directly
follows using the following general theorem (see [25]): if (G,H) is a matched pair
of Lie groupoids then (AG,AH) is a matched pair of Lie algebroids. ⋄
Next, we will consider the prolongation PβG of the Lie groupoid G over the
target β : G→M . We recall that
PβG = G β×α G β×β G = {(g, h, s) ∈ G×G×G/β(g) = α(h), β(h) = β(s)},
and that PβG is a Lie groupoid over G with structural maps
αβ : PβG −→ G ; (g, h, s) −→ g,
ββ : PβG −→ G ; (g, h, s) −→ s,
ǫβ : G −→ PβG ; g −→ (g, ǫ(β(g)), g),
mβ : (PβG)2 −→ P
βG ; ((g, h, s), (s, t, u)) −→ (g, ht, u),
iβ : PβG −→ PβG ; (g, h, s) −→ (s, h−1, g).
(3.9)
Moreover, we also have that the Lie algebroid of PβG may be identified with the
prolongation Pβ(AG) of AG over β : G→M . We remark that
Pβg (AG) = {(vǫ(β(g)), Xg) ∈ Aβ(g)G× TgG/(Tǫ(β(g))β)(vǫ(β(g))) = (Tgβ)(Xg)}
for g ∈ G.
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Theorem 3.3. Let Φβ : Gβ ⋆ Gα → P
βG be the map defined by
Φβ(g, h, s) = (g, h−1s, s), (3.10)
for (g, h, s) ∈ Gβ ⋆ Gα. Then:
(i) Φβ is a Lie groupoid isomorphism over the identity of G.
(ii) If A(Φβ) : A(Gβ ⋆ Gα) → A(P
βG) is the corresponding Lie algebroid
isomorphism then, under the identifications
A(Gβ ⋆ Gα) ∼= P
τG ∼= V β ⊕G V α, A(P
βG) ∼= Pβ(AG),
A(Φβ) is given by
Ag(Φ
β)(Xg, Yg) = ((Tglg−1)(Yg), Xg + Yg), (3.11)
for (Xg, Yg) ∈ Vgβ ⊕ Vgα, where lg−1 : α
−1(α(g)) → α−1(β(g)) is the
left-translation by g−1.
Proof. (i) A direct computation, using (3.1) and (3.9), proves the result.
(ii) If g ∈ G we have that
Ag(Gβ ⋆ Gα) = Vǫβα(g)αβα = {(0g, Xg, Zg) ∈ TgG× TgG× TgG/Xg ∈ Vgβ,
(Tgα)(Xg) = (Tgα)(Zg)},
Ag(P
βG) = Vǫβ(g)α
β = {(0g, vǫ(β(g)), Yg) ∈ TgG×Aβ(g)G× TgG/
(Tgβ)(Yg) = (Tǫ(β(g))β)(vǫ(β(g)))}.
Now, if (0g, Xg, Zg) ∈ Vǫβα(g)αβα then, from (3.10), we deduce that
(Tǫβα(g)Φ
β)(0g, Xg, Zg) = (Tǫβα(g)Φ
β)(0g, 0g, Zg −Xg) + (Tǫβα(g)Φ
β)(0g, Xg, Xg)
= (0g, (Tglg−1)(Zg −Xg), Zg −Xg) + (Tǫβα(g)Φ
β)(0g, Xg, Xg).
On the other hand, suppose that β(g) = x ∈M and that γ : (−ε, ε)→ β−1(x) is a
curve in β−1(x) such that γ(0) = g and γ′(0) = Xg. Then, one may consider the
curve γ˜ : (−ε, ε)→ Gβ ⋆ Gα on Gβ ⋆ Gα given by
γ˜(t) = (g, γ(t), γ(t))
and it follows that
γ˜(0) = (g, g, g), γ˜′(0) = (0g, Xg, Xg).
Moreover, we obtain that
γ¯(t) = (Φβ ◦ γ˜)(t) = (g, ǫ(x), γ(t)), for all t
and thus
γ¯′(0) = (0g, 0ǫ(β(g)), Xg).
This proves that
(Tǫβα(g)Φ
β)(0g, Xg, Zg) = (0g, (Tglg−1)(Zg −Xg), Zg). (3.12)
Finally, using (2.11), (2.12), (3.5) and (3.12), we deduce that (3.11) holds. 
Next, we will consider the prolongation PαG of the Lie groupoid G over the
source α : G→M . We recall that
PαG = G α×α G β×α G = {(g, h, s) ∈ G×G×G/α(g) = α(h), β(h) = α(s)}
and that PαG is a Lie groupoid over G with structural maps
αα : PαG −→ G ; (g, h, s) −→ g,
βα : PαG −→ G ; (g, h, s) −→ s,
ǫα : G −→ PαG ; g −→ (g, ǫ(α(g)), g),
mα : (PαG)2 −→ P
αG ; ((g, h, s), (s, t, u)) −→ (g, ht, u),
iα : PαG −→ PαG ; (g, h, s) −→ (s, h−1, g).
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Moreover, we also have that the Lie algebroid of PαG may be identified with
the prolongation Pα(AG) of AG over α : G→M . We remark that
Pαg (AG) = {(vǫ(α(g)), Xg) ∈ Aα(g)G× TgG/(Tǫ(α(g))β)(vǫ(α(g))) = (Tgα)(Xg)},
for g ∈ G.
Theorem 3.4. Let Φα : Gβ ⋆ Gα → P
αG be the map defined by
Φα(g, h, s) = (g, gh−1, s),
for (g, h, s) ∈ Gβ ⋆ Gα. Then:
(i) Φα is a Lie groupoid isomorphism over the identity of G.
(ii) If A(Φα) : A(Gβ ⋆ Gα) → A(P
αG) is the corresponding Lie algebroid
isomorphism then, under the canonical identifications
A(Gβ ⋆ Gα) ∼= P
τG ∼= V β ⊕G V α, A(P
αG) ∼= Pα(AG),
A(Φα) is given by
Ag(Φ
α)(Xg, Yg) = (Tg(i ◦ rg−1 )(Xg), Xg + Yg), (3.13)
for (Xg, Yg) ∈ Vgβ ⊕ Vgα, where rg−1 : β
−1(β(g)) → β−1(α(g)) is the
right-translation by g−1.
Proof. Proceeding as in the proof of Theorem 3.3, we deduce the result. 
4. Mechanics on Lie Groupoids
In this section, we introduce Lagrangian (Hamiltonian) Mechanics on an ar-
bitrary Lie groupoid and we will also analyze its geometrical properties. This
construction may be considered as a discrete version of the construction of the
Lagrangian (Hamiltonian) Mechanics on Lie algebroids proposed in [22] (see also
[14, 23]). We first discuss discrete Euler-Lagrange equations following a similar ap-
proach to [31], using a variational procedure. Secondly, we intrinsically define and
discuss the discrete Poincare´-Cartan sections, Legendre transformations, regularity
of the Lagrangian and Noether’s theorem.
4.1. Discrete Euler-Lagrange equations. Let G be a Lie groupoid with struc-
tural maps
α, β : G→M, ǫ : M → G, i : G→ G, m : G2 → G.
Denote by τ : AG→M the Lie algebroid of G.
A discrete Lagrangian is a function L : G −→ R. Fixed g ∈ G, we define the
set of admissible sequences with values in G:
CNg = {(g1, . . . , gN ) ∈ G
N / (gk, gk+1) ∈ G2 for k = 1, . . . , N−1 and g1 . . . gn = g}.
Given a tangent vector at (g1, . . . , gN) to the manifold C
N
g , we may write it as
the tangent vector at t = 0 of a curve in CNg , t ∈ (−ε, ε) ⊆ R −→ c(t) which passes
through (g1, . . . , gN) at t = 0. This type of curves is of the form
c(t) = (g1h1(t), h
−1
1 (t)g2h2(t), . . . , h
−1
N−2(t)gN−1hN−1(t), h
−1
N−1(t)gN )
where hk(t) ∈ α
−1(β(gk)), for all t, and hk(0) = ǫ(β(gk)) for k = 1, . . . , N − 1.
Therefore, we may identify the tangent space to CNg at (g1, . . . , gN) with
T(g1,...,gN )C
N
g ≡ {(v1, . . . , vN−1) / vk ∈ AxkG and xk = β(gk), 1 ≤ k ≤ N − 1} .
Observe that each vk is the tangent vector to the α-vertical curve hk at t = 0.
The curve c is called a variation of (g1, . . . , gN) and (v1, v2, . . . , vN−1) is called
an infinitesimal variation of (g1, . . . , gN).
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Define the discrete action sum associated to the discrete LagrangianL : G −→
R
SL : CNg −→ R
(g1, . . . , gN ) 7−→
N∑
k=1
L(gk).
We now proceed, as in the continuous case, to derive the discrete equations
of motion applying Hamilton’s principle of critical action. For it, we consider
variations of the discrete action sum.
Definition 4.1 (Discrete Hamilton’s principle [31]). Given g ∈ G, an admissible
sequence (g1, . . . , gN ) ∈ C
N
g is a solution of the Lagrangian system determined by
L : G −→ R if and only if (g1, . . . , gN) is a critical point of SL.
Fist of all, in order to characterize the critical points, we need to calculate:
d
dt
∣∣∣
t=0
SL(c(t)) =
d
dt
∣∣∣
t=0
{
L(g1h1(t)) + L(h
−1
1 (t)g2h2(t))
+ . . .+ L(h−1N−2(t)gN−1hN−1(t)) + L(h
−1
N−1(t)gN )
}
.
Therefore,
d
dt
∣∣∣
t=0
SL(c(t)) =
N−1∑
k=1
(
d◦(L ◦ lgk)(ǫ(xk))(vk) + d
◦(L ◦ rgk+1 ◦ i)(ǫ(xk))(vk)
)
where d◦ is the standard differential on G, i.e., d◦ is the differential of the Lie
algebroid τG : TG → G. Since the critical condition is
d
dt
∣∣∣
t=0
SL(c(t)) = 0 then,
applying (2.6) and (2.7), we may rewrite this condition as
0 =
N−1∑
k=1
[←−
Xk
(
gk)(L)−
−→
Xk
(
gk+1)(L)
]
=
N−1∑
k=1
[
〈dL,X
(0,1)
k 〉(gk)− 〈dL,X
(1,0)
k 〉(gk+1)
]
where d is the differential of the Lie algebroid πτ : PτG ≡ V β ⊕G V α −→ G and
Xk is a section of τ : AG→M such that Xk(xk) = vk.
For N = 2 we obtain that (g1, g2) ∈ G2 (with β(g1) = α(g2) = x) is a solution if
d◦ [L ◦ lg1 + L ◦ rg2 ◦ i] (ǫ(x))|AxG = 0
or, alternatively,
←−
X (g1)(L)−
−→
X (g2)(L) = 0
for every sectionX ofAG. These equations will be called discrete Euler-Lagrange
equations.
Thus, we may define the discrete Euler-Lagrange operator:
DDELL : G2 −→ A
∗G ,
where A∗G is the dual of AG. This operator is given by
DDELL(g, h) = d
0 [L ◦ lg + L ◦ rh ◦ i] (ǫ(x))|AxG
with β(g) = α(h) = x.
In conclusion, we have characterized the solutions of the Lagrangian system
determined by L : G −→ R as the sequences (g1, . . . , gN ), with (gk, gk+1) ∈ G2, for
each k ∈ {1, . . . , N − 1}, and
DDELL(gk, gk+1) = 0, 1 ≤ k ≤ N − 1.
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4.2. Discrete Poincare´-Cartan sections. Given a Lagrangian function L : G −→
R, we will study the geometrical properties of the discrete Euler-Lagrange equa-
tions.
Consider the Lie algebroid πτ : P τG ∼= V β ⊕G V α −→ G, and define the
Poincare´-Cartan 1-sections Θ−L ,Θ
+
L ∈ Γ((π
τ )∗) as follows
Θ−L(g)(Xg, Yg) = −Xg(L), Θ
+
L(g)(Xg, Yg) = Yg(L), (4.1)
for each g ∈ G and (Xg, Yg) ∈ Vgβ ⊕ Vgα. From the definition, we have that
Θ−L(g)(X
(1,0)(g)) = −
−→
X (g)(L) and Θ−L(g)(X
(0,1)(g)) = 0,
and similarly
Θ+L(g)(X
(0,1)(g)) =
←−
X (g)(L) and Θ+L(g)(X
(1,0)(g)) = 0,
for X ∈ Γ(τ).
We also have that dL = Θ+L − Θ
−
L and so, using d
2 = 0, it follows that dΘ+L =
dΘ−L . This means that there exists a unique 2-section ΩL = −dΘ
+
L = −dΘ
−
L , that
will be called the Poincare´-Cartan 2-section. This 2-section will be important
for studying symplecticity of the discrete Euler-Lagrange equations.
Proposition 4.2. If X and Y are sections of the Lie algebroid AG then
ΩL(X
(1,0), Y (1,0)) = 0 , ΩL(X
(0,1), Y (0,1)) = 0,
and
ΩL(X
(1,0), Y (0,1)) = −
−→
X (
←−
Y L) and ΩL(X
(0,1), Y (1,0)) =
−→
Y (
←−
XL).
Proof. A direct computation proves the result. 
Remark 4.3. Remark 4.3. Let g be an element of G such that α(g) = x and
β(g) = y. Suppose that U and V are open subsets of M , with x ∈ U and y ∈ V ,
and that {Xi} and {Yj} are local bases of Γ(τ) on U and V , respectively. Then,
{X
(1,0)
i , Y
(0,1)
j } is a local basis of Γ(π
τ ) on the open subset α−1(U) ∩ β−1(V ).
Moreover, if we denote by {(X i)(1,0), (Y j)(0,1)} the dual basis of {X
(1,0)
i , Y
(0,1)
j },
we have that on the open subset α−1(U) ∩ β−1(V )
Θ−L = −
−→
Xi(L)(X
i)(1,0), Θ+L =
←−
Yj(L)(Y
j)(0,1),
ΩL = −
−→
Xi(
←−
Yj(L))(X
i)(1,0) ∧ (Y j)(0,1).
⋄
Finally, we obtain some useful expressions of the Poincare´-Cartan 1-sections
using the Lie algebroid isomorphisms introduced in Theorems 3.3 and 3.4.
We recall that the maps
A(Φβ) : A(Gβ ∗Gα) ∼= V β ⊕G V α −→ A(P
βG) ∼= Pβ(AG)
A(Φα) : A(Gβ ∗Gα) ∼= V β ⊕G V α −→ A(P
αG) ∼= Pα(AG)
given by (3.11) and (3.13) are Lie algebroid isomorphisms over the identity of G.
Moreover, if (vǫ(β(g)), Zg) ∈ P
β
g (AG) then, from (3.11), it follows that
Ag(Φ
β)−1(vǫ(β(g)), Zg) = (Zg − (Tǫ(β(g))lg)(vǫ(β(g))), (Tǫ(β(g))lg)(vǫ(β(g)))). (4.2)
On the other hand, if (vǫ(α(h)), Zh) ∈ P
α
h (AG) then, using (3.13), we deduce that
Ah(Φ
α)−1(vǫ(α(h)), Zh) = (Tǫ(α(h))(rh◦i)(vǫ(α(h))), Zh−Tǫ(α(h))(rh◦i)(vǫ(α(h)))). (4.3)
Now, we introduce the sections ΘαL ∈ Γ((τ
α)∗) and ΘβL ∈ Γ((τ
β)∗) given by
ΘαL = (A(Φ
α)−1, Id)∗(Θ−L ), Θ
β
L = (A(Φ
β)−1, Id)∗(Θ+L). (4.4)
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Using (4.2) and (4.3), we obtain that
ΘαL(h)(vǫ(α(h)), Zh) = −vǫ(α(h))(L ◦ rh ◦ i), (4.5)
ΘβL(g)(vǫ(β(g)), Zg) = vǫ(β(g))(L ◦ lg), (4.6)
for (vǫ(α(h)), Zh) ∈ P
α
h (AG) and (vǫ(β(g)), Zg) ∈ P
β
g (AG).
4.2.1. Poincare´-Cartan 1-sections: variational motivation. Now, we follow a vari-
ational procedure to construct the 1-sections Θ+L and Θ
−
L . We begin by calculating
the extremals of SL for variations that do not fix the point g ∈ G. For it, we
consider the manifold
CN = {(g1, . . . , gN ) ∈ G
N /(gk, gk+1) ∈ G2 for each k, 1 ≤ k ≤ N − 1}.
If c : (−ε, ε)→ CN is a curve in CN and c(0) = (g1, . . . , gN) then there exist N + 1
curves hk : (−ε, ε) → α
−1(β(gk)), for 0 ≤ k ≤ N, with hk(0) = ǫ(β(gk)) and
g0 = g
−1
1 , such that
c(t) = (h−10 (t)g1h1(t), h
−1
1 (t)g2h2(t), . . . , h
−1
N−2(t)gN−1hN−1(t), h
−1
N−1(t)gNhN (t))
for t ∈ (−ε, ε). Thus, the tangent space to CN at (g1, . . . , gN) may be identified
with the vector space Aβ(g0)G×Aβ(g1)G× · · · ×Aβ(gN )G, that is,
T(g1,g2,...,gN )C
N ≡ {(v0, v1, . . . , vN ) / vk ∈ AxkG, xk = β(gk), 0 ≤ k ≤ N} .
Now, proceeding as in Section 4.1, we introduce the action sum
SL : CN −→ R, SL(g1, . . . , gN ) =
N∑
k=1
L(gk).
Then,
d
dt
∣∣∣
t=0
SL(c(t)) =
N−1∑
k=1
[
d◦(L ◦ lgk)(ǫ(xk))(vk) + d
◦(L ◦ rgk+1 ◦ i)(ǫ(xk+1))(vk)
]
+d◦(L ◦ rg1 ◦ i)(ǫ(x0))(v0) + d
◦(L ◦ lgN )(ǫ(xN ))(vN ). (4.7)
Therefore, if X0, . . . , XN are sections of τ : AG → M satisfying, Xk(xk) = vk, for
all k, we have that
d
dt
∣∣∣
t=0
SL(c(t)) =
N−1∑
k=1
[←−
Xk(gk)(L)−
−→
Xk(gk+1)(L)
]
−
−→
X0(g1)(L) +
←−
XN (gN )(L)
=
N−1∑
k=1
(DDELL(gk, gk+1))(vk) + Θ
−
L (g1)(X
(1,0)
0 (g1)) + Θ
+
L(gN )(X
(0,1)
N (gN )).
Note that it is in the last two terms (that arise from the boundary variations) where
appear the Poincare´-Cartan 1-sections.
4.3. Discrete Lagrangian evolution operator. We say that a differentiable
mapping ξ : G −→ G is a discrete flow or a discrete Lagrangian evolution
operator for L if it verifies the following properties:
- graph(ξ) ⊆ G2, that is, (g, ξ(g)) ∈ G2, ∀g ∈ G (ξ is a second order
operator).
- (g, ξ(g)) is a solution of the discrete Euler-Lagrange equations, for all g ∈
G, that is, (DDELL)(g, ξ(g)) = 0, for all g ∈ G.
16 J. C. MARRERO, D. MARTI´N DE DIEGO, AND E. MARTI´NEZ
In such a case
d◦(L ◦ lg + L ◦ rξ(g) ◦ i)(ǫ(β(g)))|Aβ(g)G = 0, for all g ∈ G (4.8)
or, in other terms,
←−
X (g)(L)−
−→
X (ξ(g))(L) = 0 (4.9)
for every section X of AG and every g ∈ G.
Now, we define the prolongation Pτξ : V β ⊕G V α −→ V β ⊕G V α of the second
order operator ξ : G −→ G as follows:
Pτξ = A(Φα)−1 ◦ (Id, T ξ) ◦A(Φβ) (4.10)
with A(Φα) and A(Φβ) the isomorphisms defined in Theorems 3.3 and 3.4 and
(Id, T ξ) : Pβ(AG)→ Pα(AG) the map given by
(Id, T ξ)(vǫ(β(g)), Xg) = (vǫ(β(g)), (Tgξ)(Xg)), for (vǫ(β(g)), Xg) ∈ P
β
g (AG).
Since the pair ((Id, T ξ), ξ) is a Lie algebroid morphism between the Lie algebroids
Pβ(AG) −→ G and Pα(AG) −→ G then the pair (Pτ ξ, ξ) is also a Lie algebroid
morphism
V β ⊕G V α

Pτξ // V β ⊕G V α

G
β
%%K
KK
KK
KK
KK
KK
ξ // G
α
yyss
ss
ss
ss
ss
s
M
From the definition of Pτξ, we deduce that
Pτg ξ(Xg, Yg) = ((Tg(rgξ(g)◦i))(Yg), (Tgξ)(Xg)+(Tgξ)(Yg)−Tg(rgξ(g)◦i)(Yg)) (4.11)
for all (Xg, Yg) ∈ Vgβ ⊕ Vgα. Moreover, from (2.10) and (4.11), we obtain that
Pτξ(
−→
X (g),
←−
Y (g)) = (−
−→
Y (ξ(g)), (Tgξ)(
−→
X (g) +
←−
Y (g)) +
−→
Y (ξ(g))) (4.12)
for all X,Y sections of AG.
4.4. Preservation of Poincare´-Cartan sections. The following result explains
the sense in which the discrete Lagrange evolution operator preserves the Poincare´-
Cartan 2-section.
Theorem 4.4. Let L : G −→ R be a discrete Lagrangian on a Lie groupoid G.
Then:
(i) The map ξ is a discrete Lagrangian evolution operator for L if and only if
(Pτξ, ξ)∗Θ−L = Θ
+
L .
(ii) The map ξ is a discrete Lagrangian evolution operator for L if and only if
(Pτξ, ξ)∗Θ−L −Θ
−
L = dL.
(iii) If ξ is discrete Lagrangian evolution operator then (Pτξ, ξ)∗ΩL = ΩL.
Proof. From (4.4), it follows
(A(Φα), Id)∗(ΘαL) = Θ
−
L , (A(Φ
β), Id)∗(ΘβL) = Θ
+
L . (4.13)
On the other hand, if (vǫ(β(g)), Xg) ∈ P
β
g (AG) then, using (4.5) and (4.6), we have
that
{((Id, T ξ), ξ)∗(ΘαL)} (g)(vǫ(β(g)), Xg) = −vǫ(β(g))(L ◦ rξ(g) ◦ i)
and
ΘβL(g)(vǫ(β(g)), Xg) = vǫ(β(g))(L ◦ lg).
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Thus, ((Id, T ξ), ξ)∗ΘαL = Θ
β
L if and only if ξ is a discrete Lagrangian evolution
operator for L. Therefore, using this fact and (4.13), we prove (i).
The second property follows from (i) by taking into account that dL = Θ+L−Θ
−
L .
Finally, (iii) follows using (ii) and the fact that (Pτ ξ, ξ) is a Lie algebroid morphism.

Remark 4.5. Now, we present a proof of the preservation of the Poincare´-Cartan 2-
section using variational arguments. Given a discrete Lagrangian evolution operator
ξ : G −→ G for L, we may consider the function SξL : G→ R given by
(SξL)(g) = L(g) + L(ξ(g)), for g ∈ G.
If d is the differential on the Lie algebroid V β ⊕G V α → G and X,Y are sections
of τ : AG→M then, using (4.1), (4.9) and (4.12), we obtain that
d(SξL)(g)(
−→
X (g),
←−
Y (g)) =
−→
X (g)L +
←−
Y (g)L+ (Tgξ)(
−→
X (g))L+ (Tgξ)(
←−
Y (g))L
=
−→
X (g)L +
←−
Y (g)L−
−→
Y (ξ(g))L + (Tgξ)(
−→
X (g))L
+(Tgξ)(
←−
Y (g))L +
−→
Y (ξ(g))L
= −Θ−L (g)(
−→
X (g),
←−
Y (g)) +
[
(Pτξ, ξ)∗Θ+L
]
(g)(
−→
X (g),
←−
Y (g)).
This implies that
(Pτξ, ξ)∗Θ+L −Θ
−
L = d(SξL).
Thus, we conclude that (Pτξ, ξ)∗ΩL = ΩL. ⋄
4.5. Lie groupoid morphisms and reduction. Let (Φ,Φ0) be a Lie groupoid
morphism between the Lie groupoids G ⇒ M and G′ ⇒ M ′. The prolongation
PτΦ : V β ⊕G V α −→ V β
′ ⊕G′ V α
′ of the morphism (Φ,Φ0) is defined by
PτgΦ(V,W ) = (TgΦ(V ), TgΦ(W )) (4.14)
for every (V,W ) ∈ Vgβ ⊕ Vgα. It is easy to see that (P
τΦ,Φ) is a morphism of Lie
algebroids.
Theorem 4.6. Let (Φ,Φ0) be a morphism of Lie groupoids from G⇒M to G
′ ⇒
M ′. Let L and L′ be discrete Lagrangian functions on G and G′, respectively,
related by L = L′ ◦ Φ. Then:
(i) for every (g, h) ∈ G2 and every v ∈ Aβ(g)G we have that
DDELL(g, h)(v) = DDELL
′
(
Φ(g),Φ(h)
)(
Aβ(g)Φ(v)
)
. (4.15)
(ii) (PτΦ,Φ)∗Θ+L′ = Θ
+
L ,
(iii) (PτΦ,Φ)∗Θ−L′ = Θ
−
L ,
(iv) (PτΦ,Φ)∗ΩL′ = ΩL.
Proof. To prove the first we notice that, if (Φ,Φ0) is a morphism of Lie groupoids,
then we have that Φ ◦ lg = lΦ(g) ◦ Φ and Φ ◦ rh = rΦ(h) ◦ Φ, from where we get
DDELL(g, h)(v) = T lg(v)L + Trh(T i(v))L
= T lg(v)(L
′ ◦ Φ) + Trh(T i(v))(L
′ ◦ Φ)
= TΦ(T lg(v))L
′ + TΦ(Trh(T i(v)))L
′
= T lΦ(g)(TΦ(v))L
′ + TrΦ(h)(TΦ(T i(v)))L
′
= T lΦ(g)(TΦ(v))L
′ + TrΦ(h)(T i
′(TΦ(v)))L′
= DDELL
′
(
Φ(g),Φ(h)
)(
Aβ(g)Φ(v)
)
,
where we have also used that i′ ◦ Φ = Φ ◦ i and Aβ(g)Φ(v) = TΦ(v).
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For the proof of the second, we have that
〈(PτΦ,Φ)∗Θ+L′(g), (V,W )〉 = 〈Θ
+
L′(Φ(g)), (TgΦ(V ), TgΦ(W ))〉
= ((TgΦ)(W ))L
′ =WL = 〈Θ+L(g), (V,W )〉,
for every (V,W ) ∈ PτgG. The proof of the third is similar to the second, and finally,
for the proof of (iv) we just take the differential in (ii). 
As an immediate consequence of the above theorem we have that
Corollary 4.7. Let (Φ,Φ0) be a morphism of Lie groupoids from G ⇒ M to
G′ ⇒M ′ and suppose that (g, h) ∈ G2.
(i) If (Φ(g),Φ(h)) is a solution of the discrete Euler-Lagrange equations for
L′ = L◦Φ, then (g, h) is a solution of the discrete Euler-Lagrange equations
for L.
(ii) If Φ is a submersion then (g, h) is a solution of the discrete Euler-Lagrange
equations for L if and only if (Φ(g),Φ(h)) is a solution of the discrete
Euler-Lagrange equations for L′.
(iii) If Φ is an immersion, then (g, h) is a solution of the discrete Euler-
Lagrange equations for L if and only if DDELL(Φ(g),Φ(h)) vanishes over
Im(Aβ(g)Φ).
The case when Φ is an inmersion may be useful to modelize holonomic mechanics
on Lie groupoids, which is an imprescindible tool for explicitely construct geometric
integrators (see [8, 21]).
The particular case when Φ is a submersion is relevant for reduction (see Section
5.5 in this paper).
4.6. Discrete Legendre transformations. Given a Lagrangian L : G −→ R we
define, just as the standard case [21], two discrete Legendre transformations
F−L : G −→ A∗G and F+L : G −→ A∗G as follows
(F−L)(h)(vǫ(α(h))) = −vǫ(α(h))(L ◦ rh ◦ i), for vǫ(α(h)) ∈ Aα(h)G,
(F+L)(g)(vǫ(β(g))) = vǫ(β(g))(L ◦ lg), for vǫ(β(g)) ∈ Aβ(g)G.
Remark 4.8. Note that (F−L)(h) ∈ A∗
α(h)G. Furthermore, if U is an open subset
of M such that α(h) ∈ U and {Xi} is a local basis of Γ(τ) on U then
F
−L =
−→
Xi(L)(X
i ◦ α),
on α−1(U), where {X i} is the dual basis of {Xi}. In a similar way, if V is an open
subset of M such that β(g) ∈ V and {Yj} is a local basis of Γ(τ) on V then
F
+L =
←−
Yj(L)(Y
j ◦ β),
on β−1(V ). ⋄
Next, we consider the prolongation ττ
∗
: Pτ
∗
(AG) → A∗G of the Lie algebroid
τ : AG→M over the fibration τ∗ : A∗G→M , that is,
Pτ
∗
v∗ (AG) = {(vτ∗(v∗), Xv∗) ∈ Aτ∗(v∗)G× Tv∗(A
∗G)/(Tτ∗(v∗)β)(vτ∗(v∗))
= (Tv∗τ
∗)(Xv∗)}
for v∗ ∈ A∗G. Then, we may introduce the canonical section Θ of the vector bundle
(ττ
∗
)∗ : (Pτ
∗
AG)∗ → A∗G as follows:
Θ(v∗)(vτ∗(v∗), Xv∗) = v
∗(vτ∗(v∗)), (4.16)
for v∗ ∈ A∗G and (vτ∗(v∗), Xv∗) ∈ P
τ∗
v∗ (AG). Θ is called the Liouville section.
Moreover, we define the canonical symplectic section Ω associated with AG by
Ω = −dΘ, where d is the differential on the Lie algebroid ττ
∗
: Pτ
∗
(AG) → A∗G.
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It is easy to prove that Ω is nondegenerate and closed, that is, it is a symplectic
section of Pτ
∗
(AG) (see [14, 23]).
Now, let PτF−L be the prolongation of F−L defined by
PτF−L = (Id, TF−L) ◦A(Φα) : PτG ≡ V β ⊕G V α −→ P
τ∗(AG), (4.17)
where A(Φα) : PτG ≡ V β ⊕G V α → P
α(AG) is the Lie algebroid isomorphism
(over the identity of G) defined by (3.13) and (Id, TF−L) : Pα(AG)→ Pτ
∗
(AG) is
the map given by
(Id, TF−L)(vǫ(α(h)), Xh) = (vǫ(α(h)), (ThF
−L)(Xh)),
for (vǫ(α(h)), Xh) ∈ P
α
h (AG). Since the pair ((Id, TF
−L),F−L) is a morphism be-
tween the Lie algebroids Pα(AG) → G and Pτ
∗
(AG) → A∗G, we deduce that
(PτF−L,F−L) is also a morphism between the Lie algebroids PτG ≡ V β⊕GV α→
G and Pτ
∗
(AG)→ A∗G. The following diagram illustrates the above situation:
V β ⊕G V α

PτF−L // Pτ
∗
(AG)

G
α
%%K
KK
KK
KK
KK
KK
F
−L // A∗G
τ∗zztt
tt
tt
tt
t
M
The prolongation PτF−L can be explicitly written as
PτhF
−L(Xh, Yh) = (Th(i ◦ rh−1)(Xh), (ThF
−L)(Xh) + (ThF
−L)(Yh)), (4.18)
for h ∈ G and (Xh, Yh) ∈ Vhβ ⊕ Vhα.
Proposition 4.9. If Θ is the Liouville section of the vector bundle (Pτ
∗
(AG))∗ →
A∗G and Ω = −dΘ is the canonical symplectic section of ∧2(Pτ
∗
(AG))∗ → A∗G
then
(Pτ (F−L),F−L)∗Θ = Θ−L , (P
τ (F−L),F−L)∗Ω = ΩL.
Proof. Let ΘαL be the section of (τ
α)∗ : Pα(AG)∗ → G defined by (4.4). Then,
from (4.5) and (4.16), we deduce that
((Id, TF−L),F−L)∗Θ = ΘαL.
Thus, using (4.4), we obtain that
(PτF−L,F−L)∗Θ = Θ−L .
Therefore, since the pair (PτF−L,F−L) is a Lie algebroid morphism, it follows that
(PτF−L,F−L)∗Ω = ΩL.

Now, we consider the prolongation PτF+L of F+L defined by
PτF+L = (Id, TF+L) ◦A(Φβ) : PτG ≡ V β ⊕G V α −→ P
τ∗(AG), (4.19)
where A(Φβ) : PτG ≡ V β ⊕G V α → P
β(AG) is the Lie algebroid isomorphism
(over the identity of G) defined by (3.11) and (Id, TF+L) : Pβ(AG)→ Pτ
∗
(AG) is
the map given by
(Id, TF+L)(vǫ(β(g)), Xg) = (vǫ(β(g)), (TgF
+L)(Xg)),
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for (vǫ(β(g)), Xg) ∈ P
β
g (AG). As above, the pair (P
τF+L,F+L) is a morphism be-
tween the Lie algebroids PτG ≡ V β ⊕G V α → G and P
τ∗(AG) → A∗G and the
following diagram illustrates the situation
V β ⊕G V α

PτF+L // Pτ
∗
(AG)

G
β
%%K
KK
KK
KK
KK
KK
F
+L // A∗G
τ∗zztt
tt
tt
tt
t
M
We also have:
Proposition 4.10. If Θ is the Liouville section of the vector bundle (Pτ
∗
(AG))∗ →
A∗G and Ω = −dΘ is the canonical symplectic section of ∧2(Pτ
∗
(AG))∗ → A∗G
then
(Pτ (F+L),F+L)∗Θ = Θ+L , (P
τ (F+L),F+L)∗Ω = ΩL.
Remark 4.11. (i) If ξ : G → G is a smooth map then ξ is a discrete Lagrangian
evolution operator for L if and only if F−L ◦ ξ = F+L.
(ii) If (g, h) ∈ G2 we have that
(DDELL)(g, h) = F
+L(g)− F−L(h). (4.20)
⋄
4.7. Discrete regular Lagrangians. First of all, we will introduce the notion of
a discrete regular Lagrangian.
Definition 4.12. A Lagrangian L : G→ R on a Lie groupoid G is said to be regular
if the Poincare´-Cartan 2-section ΩL is symplectic on the Lie algebroid P
τG ≡
V β ⊕G V α→ G.
Next, we will obtain necessary and sufficient conditions for a discrete Lagrangian
on a Lie groupoid to be regular.
Theorem 4.13. Let L : G→ R be a Lagrangian function. Then:
a) The following conditions are equivalent:
(i) L is regular.
(ii) The Legendre transformation F−L is a local diffeomorphism.
(iii) The Legendre transformation F+L is a local diffeomorphism.
b) If L : G → R is regular and (g0, h0) ∈ G2 is a solution of the discrete
Euler-Lagrange equations for L then there exist two open subsets U0 and V0 of G,
with g0 ∈ U0 and h0 ∈ V0, and there exists a (local) discrete Lagrangian evolution
operator ξL : U0 → V0 such that:
(i) ξL(g0) = h0,
(ii) ξL is a diffeomorphism and
(iii) ξL is unique, that is, if U
′
0 is an open subset of G, with g0 ∈ U
′
0 and ξ
′
L :
U ′0 → G is a (local) discrete Lagrangian evolution operator then ξ
′
L|U0∩U ′0
=
ξL|U0∩U ′0 .
Proof. a) First we will deduce the equivalence of the three conditions
(i)⇒(ii) If h ∈ G, we need to prove that Th(F
−L) : ThG −→ TF−L(h)A
∗G is a
linear isomorphism. Assume that there exists Yh ∈ ThG such that Th(F
−L)(Yh) =
0. Since τ∗ ◦ F−L = α, then (Thα)(Yh) = 0, that is, Yh ∈ Vhα.
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Therefore, (0h, Yh) ∈ Vhβ⊕Vhα and, from (4.18), we have that P
τ
h (F
−L)(0h, Yh) =
0. Moreover, (Pτh(F
−L))∗Ω(F−L(h)) = ΩL(h) and Ω(F
−L(h)) and ΩL(h) are non-
degenerate. Therefore, we deduce that Pτh(F
−L) is a linear isomorphism. This
implies that Yh = 0. This proves that Th(F
−L) : ThG → TF−L(h)(A
∗G) is a linear
isomorphism. In the same way we deduce (i)⇒(iii) .
(ii)⇒(i) We will assume that F+L is a local diffeomorphism, so that
Pτg F
+L : PτgG ≡ Vgβ ⊕ Vgα −→ P
τ∗
F+L(g)(AG)
is a linear isomorphism, for all g ∈ G.
On the other hand, if Ω is the canonical symplectic section of the vector bundle
∧2(Pτ
∗
(AG))∗ → A∗G then, from Proposition 4.10, we deduce that
(Pτg F
+L)∗(Ω(F+L(g))) = ΩL(g).
Thus, since Ω(F+L(g)) is nondegenerate, we conclude that ΩL(g) is also nondegen-
erate, for all g ∈ G. Using the same arguments we deduce (iii)⇒(i) .
b) Using Remark 4.11, we have that
(F+L)(g0) = (F
−L)(h0) = µ0 ∈ A
∗G.
Thus, from the first part of this theorem, it follows that there exit two open subsets
U0 and V0 of G, with g0 ∈ U0 and h0 ∈ V0, and an open subset W0 of A
∗G such
that µ0 ∈ W0 and
F
+L : U0 →W0, F
−L : V0 →W0
are diffeomorphisms. Therefore, using Remark 4.11, we deduce that
ξL = [(F
−L)−1 ◦ (F+L)]|U0 : U0 → V0
is a (local) discrete Lagrangian evolution operator. Moreover, it is clear that
ξL(g0) = h0 and, from the first part of this theorem, we have that ξL is a dif-
feomorphism.
Finally, if U ′0 is an open subset of G, with g0 ∈ U
′
0, and ξ
′
L : U
′
0 → G is another
(local) discrete Lagrangian evolution operator then ξ′L|U0∩U ′0
: U0 ∩ U
′
0 → G is also
a (local) discrete Lagrangian evolution operator. Consequently, using Remark 4.11,
we conclude that
ξ′L|U0∩U ′0 = [(F
−L)−1 ◦ (F+L)]|U0∩U ′0 = ξL|U0∩U ′0 .

Remark 4.14. Using Remark 4.3, we deduce that the Lagrangian L is regular
if and only if for every g ∈ G and every local basis {Xi} (respectively, {Yj}) of
Γ(τ) on an open subset U (respectively, V ) of M such that α(g) ∈ U (respectively,
β(g) ∈ V ) we have that the matrix
−→
Xi(
←−
Yj(L)) is regular on α
−1(U) ∩ β−1(V ). ⋄
Let L : G → R be a regular discrete Lagrangian on G. If f : G → R is a real
C∞-function on G then, using Theorem 4.13, it follows that there exists a unique
ξf ∈ Γ(π
τ ) such that
iξfΩL = df, (4.21)
d being the differential of the Lie algebroid πτ : PτG ≡ V β ⊕G V α → G. ξf is
called the Hamiltonian section associated to f with respect to ΩL.
Now, one may introduce a bracket of real functions on G as follows:
{·, ·}L : C
∞(G) × C∞(G)→ C∞(G), {f, g}L = −ΩL(ξf , ξg). (4.22)
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Note that, from (4.21) and Propositions 4.9 and 4.10, we obtain that
(PτF±L) ◦ ξf¯◦F±L = ξf¯ ◦ F
±L, (4.23)
for f¯ ∈ C∞(A∗G), where PτF±L : PτG ≡ V β ⊕G V α → P
τ∗(AG) is the pro-
longation of F±L (see Section 4.6) and ξf¯ is the Hamiltonian section associated to
the real function f¯ on A∗G with respect to the canonical symplectic section Ω on
∧2(Pτ
∗
(AG))∗ → A∗G, that is, iξf¯Ω = df¯ .
On the other hand, we consider the canonical linear Poisson bracket {·, ·} :
C∞(A∗G)× C∞(A∗G)→ C∞(A∗G) on A∗G defined by (see [14])
{f¯ , g¯} = −Ω(ξf¯ , ξg¯), for f¯ , g¯ ∈ C
∞(A∗G). (4.24)
We have that (see [14])
[[ξf¯ , ξg¯]]
ττ
∗
= ξ{f¯ ,g¯}.
Moreover, from (4.22), (4.23), (4.24) and Propositions 4.9 and 4.10, we deduce that
{f¯ ◦ F±L, g¯ ◦ F±L}L = {f¯ , g¯} ◦ F
±L.
Using the above facts, we may prove the following result.
Proposition 4.15. Let L : G→ R be a regular discrete Lagrangian.
(i) The Hamiltonian sections with respect to ΩL form a Lie subalgebra of the
Lie algebra (Γ(πτ ), [[·, ·]]P
τG).
(ii) The Lie groupoid G endowed with the bracket {·, ·}L is a Poisson manifold,
that is, {·, ·}L is skew-symmetric, it is a derivation in each argument with
respect to the usual product of functions and it satisfies the Jacobi identity.
(iii) The Legendre transformations F±L : G→ A∗G are local Poisson isomor-
phisms.
4.8. Discrete Hamiltonian evolution operator. Let L : G → R be a regular
Lagrangian and assume, without the loss of generality, that the Legendre transfor-
mations F+L and F−L are global diffeomorphisms. Then, ξL = (F
−L)−1 ◦ (F+L)
is the discrete Euler-Lagrange evolution operator and one may define the discrete
Hamiltonian evolution operator, ξ˜L : A
∗G→ A∗G, by
ξ˜L = F
+L ◦ ξL ◦ (F
+L)−1 . (4.25)
From Remark 4.11, we have the following alternative definitions
ξ˜L = F
−L ◦ ξL ◦ (F
−L)−1, ξ˜L = F
+L ◦ (F−L)−1
of the discrete Hamiltonian evolution operator. The following commutative diagram
illustrates the situation
G G✲
ξL
A∗G A∗G A∗G
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏❫
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏❫
✲ ✲
F−L F+L F−L F+L
ξ˜L ξ˜L
Define the prolongation Pτ
∗
ξ˜L : P
τ∗(AG)→ Pτ
∗
(AG) of ξ˜L by
Pτ
∗
ξ˜L = P
τ
F
+L ◦ PτξL ◦ (P
τ
F
+L)−1,
or, alternatively (see (4.10), (4.17) and (4.19)),
Pτ
∗
ξ˜L = P
τ
F
+L ◦ (PτF−L)−1, Pτ
∗
ξ˜L = P
τ
F
−L ◦ PτξL ◦ (P
τ
F
−L)−1. (4.26)
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Proposition 4.16. If Θ is the Liouville section of the vector bundle (Pτ
∗
(AG))∗ →
A∗G and Ω = −dΘ is the canonical symplectic section of ∧2(Pτ
∗
(AG))∗ → A∗G
then
(Pτ
∗
ξ˜L, ξ˜L)
∗Θ = Θ+ d(L ◦ (F−L)−1), (Pτ
∗
ξ˜L, ξ˜L)
∗Ω = Ω.
Moreover, ξ˜L is a Poisson morphism for the canonical Poisson bracket on A
∗G.
Proof. The result follows using (4.25), (4.26) and Theorem 4.4 and Propositions
4.9 and 4.15. 
4.9. Noether’s theorem. Recall that classical Noether’s theorem states that a
continuous symmetry of a Lagrangian leads to constants of the motion. In this
section, we prove a discrete version of Noether’s theorem, i.e., a theorem relating
invariance of the discrete Lagrangian under some transformation with the existence
of constants of the motion.
Definition 4.17. A section X of AG is said to be a Noether’s symmetry of the
Lagrangian L if there exists a function f ∈ C∞(M) such that
dL(X(1,1)) = β∗f − α∗f.
In this case, L is said to be quasi-invariant under X.
When dL(X(1,1)) = −
−→
XL +
←−
XL = 0, we will say that L is invariant under X
or that X is an infinitesimal symmetry of the discrete Lagrangian L.
Remark 4.18. The infinitesimal invariance of the Lagrangian corresponds to a
finite invariance property as follows. Let Φs the flow of
←−
X and γ(s) = Φs(ǫ(x))
be its integral curve with γ(0) = ǫ(x), where x = β(g). Then, the integral curve
of
←−
X at g is s 7→ rγ(s)g = gγ(s), and the integral curve of −
−→
X through ǫ(x) is
s 7→ γ(s)−1. On the other hand, if (h, h′) ∈ G2 and Yh ∈ Vhβ, Zh′ ∈ Vh′α then
(T(h,h′)m)(Yh, Zh′) = (Thrh′)(Yh) + (Th′ lh)(Zh′).
Using the above facts, we deduce that the integral curve µ of the vector field−
−→
X+
←−
X
on G satisfying µ(0) = g is
µ(s) = γ(s)−1gγ(s), for all s.
Thus, the invariance of the Lagrangian may be written as
L
(
γ(s)−1gγ(s)
)
= L(g), for all s.
⋄
If L : G→ R is a regular discrete Lagrangian, by a constant of the motion we
mean a function F invariant under the discrete Euler-Lagrange evolution operator
ξL, that is, F ◦ ξL = F .
Theorem 4.19 (Discrete Noether’s theorem). If X is a Noether symmetry of a
discrete Lagrangian L, then the function F = Θ−L (X
(1,1)) − α∗f is a constant of
the motion for the discrete dynamics defined by L.
Proof. We first notice that Θ−L (X
(1,1)) =
−→
XL so that the function F is F =
−→
XL−
α∗f .
If the Lagrangian L is quasi-invariant under X and g is a point in G, then
−
−→
X(g)(L) +
←−
X (g)(L) = f(β(g))− f(α(g)),
so that
←−
X (g)(L) =
−→
X (g)(L) + f(β(g))− f(α(g)).
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We substrate
−→
X (ξL(g))(L) to both sides of the above expression, so that
←−
X (g)(L)−
−→
X (ξL(g))(L) = [
−→
X (g)(L)− f(α(g))]− [
−→
X (ξ(g))(L) − f(α(ξL(g))]
= F (g)− F (ξL(g)),
from where the result immediately follows using (4.9). 
Proposition 4.20. If X is a Noether symmetry of the discrete Lagrangian L then
LX(1,1)Θ
−
L = d(α
∗f). (4.27)
Thus, if L is regular, the complete lift X(1,1) is a Hamiltonian section with
Hamiltonian function F = Θ−L (X
(1,1))− α∗f , i.e. iX(1,1)ΩL = dF .
Proof. Indeed, if dL(X(1,1)) = β∗f − α∗f and Y is a section of AG, we have that
(see Proposition 4.2),
(LX(1,1)Θ
−
L )(Y
(1,0)) = −ΩL(X
(1,1), Y (1,0)) + d(iX(1,1)Θ
−
L)(Y
(1,0))
= −
−→
Y (
←−
XL) +
−→
Y (
−→
XL) =
−→
Y (α∗f − β∗f)
= d(α∗f)(Y (1,0)).
On the other hand, using (2.9) and Proposition 4.2, we deduce that
(LX(1,1)Θ
−
L )(Y
(0,1)) = −ΩL(X
(1,1), Y (0,1)) + d(iX(1,1)Θ
−
L)(Y
(0,1))
= −
−→
X(
←−
Y L) +
←−
Y (
−→
XL) = [
←−
Y ,
−→
X ](L) = 0 = d(α∗f)(Y (0,1)).
Thus, (4.27) holds. From (4.27), it follows that
iX(1,1)ΩL = −iX(1,1)dΘ
−
L = diX(1,1)Θ
−
L − LX(1,1)Θ
−
L = d[Θ
−
L (X
(1,1))− α∗f ] = dF,
which completes the proof. 
We also have
Proposition 4.21. The vector space of Noether symmetries of the Lagrangian
L : G→ R is a Lie subalgebra of Lie algebra (Γ(τ), [[·, ·]]).
Proof. Suppose that X and Y are Noether symmetries of L and that
dL(X(1,1)) = −
−→
XL+
←−
XL = β∗f − α∗f, (4.28)
dL(Y (1,1)) = −
−→
Y L+
←−
Y L = β∗g − α∗g, (4.29)
with f, g ∈ C∞(M). Then, using (2.9), (3.2) and (3.3), we have that
dL([[X,Y ]](1,1)) =
−→
X (
−→
Y L)−
−→
Y (
−→
XL) +
←−
X (
←−
Y L)−
←−
Y (
←−
XL). (4.30)
On the other hand, from (2.6), (2.7), (4.28) and (4.29), we deduce that
−→
X (
−→
Y L) =
−→
X (
←−
Y L)− α∗(ρ(X)(g)),
−→
Y (
−→
XL) =
−→
Y (
←−
XL)− α∗(ρ(Y )(f)),
←−
X (
←−
Y L) =
←−
X (
−→
Y L) + β∗(ρ(X)(g)),
←−
Y (
←−
XL) =
←−
Y (
−→
XL) + β∗(ρ(Y )(f)).
Thus, using (2.9) and (4.30), we obtain that
dL([[X,Y ]](1,1)) = β∗(ρ(X)(g)− ρ(Y )(f))− α∗(ρ(X)(g)− ρ(Y )(f)).
Therefore, [[X,Y ]] is a Noether symmetry of L. 
Remark 4.22. If L : G→ R is a regular discrete Lagrangian then, from Proposi-
tions 4.20 and 4.21, it follows that the complete lifts of Noether symmetries of L
are a Lie subalgebra of the Lie algebra of Hamiltonian sections with respect to ΩL.
⋄
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5. Examples
5.1. Pair or Banal groupoid. We consider the pair (banal) groupoidG =M×M ,
where the structural maps are
α(x, y) = x, β(x, y) = y, ǫ(x) = (x, x), i(x, y) = (y, x),
m((x, y), (y, z)) = (x, z).
We know that the Lie algebroid of G is isomorphic to the standard Lie algebroid
τM : TM →M and the map
Ψ : AG = Vǫ(M)α→ TM, (0x, vx) ∈ TxM×TxM → Ψx(0x, vx) = vx, for x ∈M ,
induces an isomorphism (over the identity of M) between AG and TM . If X is a
section of τM : AG ≃ TM → M , that is, X is a vector field on M then
−→
X and
←−
X
are the vector fields on M ×M given by
−→
X (x, y) = (−X(x), 0y) ∈ TxM ×TyM and
←−
X (x, y) = (0x, X(y)) ∈ TxM ×TyM,
for (x, y) ∈M ×M . On the other hand, if (x, y) ∈M ×M we have that the map
PτM(x,y)G ≡ V(x,y)β ⊕ V(x,y)α → T(x,y)(M ×M) ≃ TxM × TyM,
((vx, 0y), (0x, vy)) → (vx, vy)
induces an isomorphism (over the identity of M ×M) between the Lie algebroids
πτM : PτMG ≡ V β ⊕G V α→ G =M ×M and τ(M×M) : T (M ×M)→M ×M .
Now, given a discrete Lagrangian L : M × M → R then the discrete Euler-
lagrange equations for L are:
←−
X (x, y)(L)−
−→
X (y, z)(L) = 0, for all X ∈ X(M), (5.1)
which are equivalent to the classical discrete Euler-Lagrange equations
D2L(x, y) +D1L(y, z) = 0
(see, for instance, [21]). The Poincare´-Cartan 1-sections Θ−L and Θ
+
L on π
τM :
PτMG ≃ T (M ×M)→ G =M ×M are the 1-forms on M ×M defined by
Θ−L (x, y)(vx, vy) = −vx(L), Θ
+
L(x, y)(vx, vy) = vy(L),
for (x, y) ∈M ×M and (vx, vy) ∈ TxM × TyM ≃ T(x,y)(M ×M).
In addition, if ξ : G =M ×M → G =M ×M is a discrete Lagrangian evolution
operator then the prolongation of ξ
PτM ξ : PτMG ≃ T (M ×M)→ PτMG ≃ T (M ×M)
is just the tangent map to ξ and, thus, we have that
ξ∗ΩL = ΩL,
ΩL = −dΘ
−
L = −dΘ
+
L being the Poincare´-Cartan 2-form on M ×M . The Legendre
transformations F−L : G = M ×M → A∗G ≃ T ∗M and F+L : G = M ×M →
A∗G ≃ T ∗M associated with L are the maps given by
F
−L(x, y) = −D1L(x, y) ∈ T
∗
xM, F
+L(x, y) = D2L(x, y) ∈ T
∗
yM
for (x, y) ∈M ×M . The Lagrangian L is regular if and only if the matrix
(
∂2L
∂x∂y
)
is regular. Finally, a Noether symmetry is a vector field X on M such that
D1L(x, y)(X(x)) +D2L(x, y)(X(y)) = f(y)− f(x),
for (x, y) ∈ M ×M , where f : M → R is a real C∞-function on M . If X is a
Noether symmetry then
x→ F (x) = D1L(x, y)(X(x)) − f(x)
is a constant of the motion.
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In conclusion, we recover all the geometrical formulation of the classical discrete
Mechanics on the discrete state space M ×M (see, for instance, [21]).
5.2. Lie groups. We consider a Lie groupG as a groupoid over one pointM = {e},
the identity element of G. The structural maps are
α(g) = e, β(g) = e, ǫ(e) = e, i(g) = g−1, m(g, h) = gh, for g, h ∈ G.
The Lie algebroid associated with G is just the Lie algebra g = TeG of G. Given
ξ ∈ g we have the left and right invariant vector fields:
←−
ξ (g) = (Telg)(ξ),
−→
ξ (g) = (Terg)(ξ), for g ∈ G.
Thus, given a Lagrangian L : G −→ R its discrete Euler-Lagrange equations are:
(Telgk)(ξ)(L) − (Tergk+1)(ξ)(L) = 0, for all ξ ∈ g and gk, gk+1 ∈ G,
or, (l∗gkdL)(e) = (r
∗
gk+1
dL)(e). Denote by µk = (r
∗
gk
dL)(e) then the discrete Euler-
Lagrange equations are written as
µk+1 = Ad
∗
gk
µk, (5.2)
where Ad : G×g −→ g is the adjoint action of G on g. These equations are known
as the discrete Lie-Poisson equations (see [1, 19, 20]).
Finally, an infinitesimal symmetry of L is an element ξ ∈ g such that (Telg)(ξ)(L) =
(Terg)(ξ)(L), and then the associated constant of the motion is F (g) = (Telg)(ξ)(L) =
(Terg)(ξ)(L). Observe that all the Noether’s symmetries are infinitesimal symme-
tries of L.
5.3. Transformation or action Lie groupoid. Let H be a Lie group and · :
M ×H → M , (x, h) ∈ M ×H 7→ xh, a right action of H on M . As we know, H
is a Lie groupoid over the identity element e of H and we will denote by α, β, ǫ,m
and i the structural maps of H . If π : M → {e} is the constant map then is clear
that the space
M π ×α H = {(x, h) ∈M ×H/π(x) = α(h)}
is the cartesian product G = M ×H and that · : M ×H → M induces an action
of the Lie groupoid H over the map π : M → {e} in the sense of Section 2.2
(see Example 6 in Section 2.2). Thus, we may consider the action Lie groupoid
G =M ×H over M with structural maps given by
α˜π(x, h) = x, β˜π(x, h) = xh, ǫ˜π(x) = (x, e),
m˜π((x, h), (xh, h
′)) = (x, hh′), i˜π(x, h) = (xh, h
−1).
(5.3)
Now, let h = TeH be the Lie algebra of H and Φ : h → X(M) the map given by
Φ(η) = ηM , for η ∈ h,
where ηM is the infinitesimal generator of the action · :M ×H →M corresponding
to η. Then, Φ defines an action of the Lie algebroid h → {a point} over the
projection π : M → {a point} and the corresponding action Lie algebroid pr1 :
M ×h →M is just the Lie algebroid of G =M ×H (see Example 6 in Section 2.2).
We have that Γ(pr1) ∼= {η˜ : M → h/η˜ is smooth } and that the Lie algebroid
structure ([[·, ·]]Φ, ρΦ) on pr1 :M ×H →M is given by
[[η˜, µ˜]]Φ(x) = [η˜(x), µ˜(x)]+(η˜(x))M (x)(µ˜)−(µ˜(x))M (x)(η˜), ρΦ(η˜)(x) = (η˜(x))M (x),
for η˜, µ˜ ∈ Γ(pr1) and x ∈M. Here, [·, ·] denotes the Lie bracket of h.
If (x, h) ∈ G = M ×H then the left-translation l(x,h) : α˜
−1
π (xh) → α˜
−1
π (x) and
the right-translation r(x,h) : β˜
−1
π (x)→ β˜
−1
π (xh) are given
l(x,h)(xh, h
′) = (x, hh′), r(x,h)(x(h
′)−1, h′) = (x(h′)−1, h′h). (5.4)
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Now, if η ∈ h then η defines a constant section Cη :M → h of pr1 :M × h →M
and, using (2.6), (2.7), (5.3) and (5.4), we have that the left-invariant and the
right-invariant vector fields
←−
C η and
−→
C η, respectively, on M ×H are defined by
−→
C η(x, h) = (−ηM (x),
−→η (h)),
←−
C η(x, h) = (0x,
←−η (h)), (5.5)
for (x, h) ∈ G =M ×H.
Note that if {ηi} is a basis of h then {Cηi} is a global basis of Γ(pr1).
Next, suppose that L : G =M ×H → R is a Lagrangian function and for every
h ∈ H (resp., x ∈M) we will denote by Lh (resp., Lx) the real function onM (resp.,
on H) given by Lh(y) = L(y, h) (resp., Lx(h
′) = L(x, h′)). Then, a composable pair
((x, hk), (xhk, hk+1)) ∈ G2 is a solution of the discrete Euler-Lagrange equations
for L if
←−
C η(x, hk)(L)−
−→
C η(xhk, hk+1)(L) = 0, for all η ∈ h,
or, in other terms (see (5.5))
{(Telhk)(η)}(Lx)− {(Terhk+1)(η)}(Lxhk) + ηM (xhk)(Lhk+1) = 0, for all η ∈ h.
As in the case of Lie groups, denote by µk(x, hk) = d(Lx ◦ rhk)(e). Then, the
discrete Euler-Lagrange equations for L are written as
µk+1(xhk, hk+1) = Ad
∗
hk
µk(x, hk) + d(Lhk+1 ◦ ((xhk)·))(e),
where (xhk)· : H →M is the map defined by
(xhk) · (h) = x(hkh), for h ∈ H.
In the particular case when M is the orbit of a ∈ V under a representation of G
on a real vector space V , the resultant equations were obtained by Bobenko and
Suris, see [1, 2], and they were called the discrete Euler-Poincare´ equations.
Finally, an element ξ ∈ h is an infinitesimal symmetry of L if
ξM (x)(Lh)−
−→
ξ (h)(Lx) +
←−
ξ (h)(Lx) = f(xh)− f(x)
where f : M −→ R is a real C∞-function on M . The associated constant of the
motion is
F (x, h) = −ξM (x)(Lh) +
−→
ξ (h)(Lx)− f(x),
for (x, h) ∈M ×H .
The heavy top. As a concrete example of a system on a transformation Lie groupoid
we consider a discretization of the heavy top. In the continuous theory [22], the
configuration manifold is the transformation Lie algebroid τ : S2×so(3)→ S2 with
Lagrangian
Lc(Γ,Ω) =
1
2
Ω · IΩ−mglΓ · e,
where Ω ∈ R3 ≃ so(3) is the angular velocity, Γ is the direction opposite to the
gravity and e is a unit vector in the direction from the fixed point to the center of
mass, all them expressed in a frame fixed to the body. The constants m, g and l
are respectively the mass of the body, the strength of the gravitational acceleration
and the distance from the fixed point to the center of mass. The matrix I is the
inertia tensor of the body. In order to discretize this Lagrangian it is better to
express it in terms of the matrices Ωˆ ∈ so(3) such that Ωˆv = Ω× v. Then
Lc(Γ,Ω) =
1
2
Tr(ΩˆI ΩˆT )−mglΓ · e.
where I = 12 Tr(I)I3−I. We can define a discrete LagrangianL : G = S
2×SO(3)→
R for the heavy top by
L(Γk,Wk) = −
1
h
Tr(IWk)− hmglΓk · e.
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which is obtained by the rule Ωˆ = RT R˙ ≈ 1
h
RTk (Rk+1 − Rk) =
1
h
(Wk − I3), where
Wk = R
T
kRk+1.
The value of the action on an admissible variation is
λ(t) = L(Γk,Wke
tK) + L(e−tKΓk+1, e
−tKWk+1)
= −
1
h
[
Tr(IWke
tK) +mglh2Γk · e + Tr(I e
−tKWk+1) +mglh
2(e−tKΓk+1) · e
]
,
where Γk+1 =W
TΓk (since the above pairs must be composable) and K ∈ so(3) is
arbitrary. Taking the derivative at t = 0 and after some straightforward manipula-
tions we get the DEL equations
Mk+1 −W
T
k MkWk +mglh
2( ̂Γk+1 × e) = 0
where M = WI − IWT . Finally, in terms of the axial vector Π in R3 defined by
Πˆ =M , we can write the equations in the form
Πk+1 =W
T
k Πk +mglh
2Γk+1 × e.
Remark 5.1. The above equations are to be solved as follows. From Γk,Wk we
obtain Γk+1 = WkΓk and Πk from Πˆk = WkI − IW
T
k . The DEL equation gives
Πk+1 in terms of the above data. Finally we get Wk+1 as the solution of the
equation Πˆk+1 =Wk+1I − IW
T
k+1, as in [26]. ⋄
In the continuous theory, the section X(Γ) = (Γ,Γ) of S2 × so(3) → S2 is a
symmetry of the Lagrangian (see [22]). We will show next that such a section is
also a symmetry of the discrete Lagrangian. Indeed, it is easy to see that the left
and right vector fields associated to X coincide
−→
X =
←−
X and are both equal to
−→
X (Γ,W ) =
(
(Γ, 0), (W, ΓˆW ))
)
∈ TG = TS2 × TSO(3).
Thus ρP
τG(X(1,1)) = 0 so that X is a symmetry of the Lagrangian. In fact it is a
symmetry of any discrete Lagrangian defined on G = S2 × SO(3). The associated
constant of motion is
(
−→
XL)(W,Γ) = Tr(I ΓˆW ) =
1
2
Tr[(WI − IWT )Γˆ] = −Π · Γ,
i.e. (minus) the angular momentum in the direction of the vector Γ.
5.4. Atiyah or gauge groupoids. Let p : Q → M be a principal G-bundle. A
discrete connection on p : Q→M is a map Ad : Q×Q→ G such that
Ad(gq, hq
′) = hAd(q, q
′)g−1 and Ad(q, q) = e (5.6)
for g, h ∈ G and q, q′ ∈ Q, e being the identity in the group G (see [12, 13]).
We remark that a discrete principal connection may be considered as the discrete
version of an standard (continuous) connection on p : Q → M . In fact, if Ad :
Q × Q → G is such a connection then it induces, in a natural way, a continuous
connection Ac : TQ→ g defined by
Ac(vq) = (T(q,q)Ad)(0q, vq),
for vq ∈ TqQ. Moreover, if we choose a local trivialization of the principal bundle
p : Q→M to be G×U , where U is an open subset ofM then, from (5.6), it follows
that there exists a map A : U × U → G such that
Ad((g, x), (g
′, y)) = g′A(x, y)g−1, and A(x, x) = e,
for (g, x), (g′, x′) ∈ G× U (for more details, see [12, 13]).
On the other hand, using the discrete connection Ad, one may identify the open
subset (p−1(U) × p−1(U))/G ≃ ((G × U) × (G × U))/G of the Atiyah groupoid
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(Q×Q)/G with the product manifold (U ×U)×G. Indeed, it is easy to prove that
the map
((G× U)× (G× U))/G→ (U × U)×G,
[((g, x), (g′, y))]→ ((x, y),Ad((e, x), (g
−1g′, y))) = ((x, y), g−1g′A(x, y)),
is bijective. Thus, the restriction to ((G × U) × (G × U))/G of the Lie groupoid
structure on (Q × Q)/G induces a Lie groupoid structure in (U × U) × G with
source, target and identity section given by
α : (U × U)×G→ U ; ((x, y), g)→ x,
β : (U × U)×G→ U ; ((x, y), g)→ y,
ǫ : U → (U × U)×G; x→ ((x, x), e),
and with multiplication m : ((U × U) × G)2 → (U × U) × G and inversion i :
(U × U)×G→ (U × U)×G defined by
m(((x, y), g), ((y, z), h)) = ((x, z), gA(x, y)−1hA(y, z)−1A(x, z)),
i((x, y), g) = ((y, x), A(x, y)g−1A(y, x)).
(5.7)
The fibre over the point x ∈ U of the Lie algebroid A((U×U)×G) may be identified
with the vector space TxU × g. Thus, a section of A((U ×U)×G) is a pair (X, ξ˜),
where X is a vector field on U and ξ˜ is a map from U on g. Note that the space
Γ(A((U × U) × G)) is generated by sections of the form (X, 0) and (0, Cξ), with
X ∈ X(U), ξ ∈ g and Cξ : U → g being the constant map Cξ(x) = ξ, for all x ∈ U .
Moreover, an straightforward computation, using (5.7), proves that the vector fields
←−−−
(X, 0),
−−−→
(X, 0),
←−−−−
(0, Cξ) and
−−−−→
(0, Cξ) on (U × U)×G are given by
←−−−
(X, 0)((x, y), g) = (0x, X(y), (TA(x,y)lgA(x,y)−1((TyAx)(X(y)))+
− (AdA(x,y)−1(TyAy)(X(y)))
l(g))),
−−−→
(X, 0)((x, y), g) = (−X(x), 0y,−(TA(x,y)lgA(x,y)−1((TxAy)(X(x))))+
− (AdA(x,y)−1(TxAx)(X(x)))
l(g))),
←−−−−
(0, Cξ)((x, y), g) = (0x, 0y, (AdA(x,y)−1ξ)
l(g)),
−−−−→
(0, Cξ)((x, y), g) = (0x, 0y, ξ
r(g)),
(5.8)
for ((x, y), g) ∈ (U ×U)×G, where lh : G→ G denotes the left-translation in G by
h ∈ G, Ad : G×g → g is the adjoint action of the Lie group G on g, ηl (respectively,
ηr) is the left-invariant (respectively, right-invariant) vector field on G such that
ηl(e) = η (respectively, ηr(e) = η) and Ax : U → G and Ay : U → G are the maps
defined by
Ax(y) = Ay(x) = A(x, y).
Now, suppose that L : (Q×Q)/G→ R is a Lagrangian function on the Atiyah
groupoid (Q×Q)/G. Then, the discrete Euler-Lagrange equations for L are
←−−−
(X, 0)((x, y), gk)(L)−
−−−→
(X, 0)((y, z), gk+1)(L) = 0,
←−−−−
(0, Cξ)((x, y), gk)(L)−
−−−−→
(0, Cξ)((y, z), gk+1)(L) = 0,
with X ∈ X(U), ξ ∈ g and (((x, y), gk), ((y, z), gk+1)) ∈ ((U × U)×G)2.
From (5.8), it follows that the above equations may be written as
D2L((x, y), gk) +D1L((y, z), gk+1) + dfAL[x, y, gk](y)+
+ dfAL[y, z, gk+1](y) + df
1
ALI [x, y, gk](y) + df
2
ALI [y, z, gk + 1](y) = 0, (5.9)
d(L(x,y, ) ◦ lgk ◦ IA(x,y)−1)(e)− d(L(y,z, ) ◦ rgk+1)(e) = 0, (5.10)
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where Ig¯ : G→ G denotes the interior automorphism in G of g¯ ∈ G, L(x¯,y¯, ) : G→ R
is the function L(x¯,y¯, )(g) = L(x¯, y¯, g), and fAL[x¯, y¯, g¯], f
1
ALI [x¯, y¯, g¯] and f
2
ALI [x¯, y¯, g¯]
are the real functions on U given by
fAL[x¯, y¯, g¯](y) = L(x¯, y¯, g¯A(x¯, y¯)
−1A(x¯, y)),
f1ALI [x¯, y¯, g¯](y) = L(x¯, y¯, g¯A(x¯, y¯)
−1A(y¯, y)A(x¯, y¯)),
f2ALI [x¯, y¯, g¯](y) = L(x¯, y¯, g¯A(x¯, y¯)
−1A(y, y¯)A(x¯, y¯)),
for x¯, y¯, y ∈ U and g ∈ G. These equations may be considered as the discrete version
of the Lagrange-Poincare´ equations for a G-invariant continuous Lagrangian (see
[5] for the local expression of the Lagrange-Poincare´ equations).
Note that if A : U×U → G is the constant map A(x, y) = e, for all (x, y) ∈ U×U ,
or, in other words, Ad is the trivial connection then equations (5.9) and (5.10) may
be written as
D2L((x, y), gk) +D1L((y, z), gk+1) = 0,
µk+1(y, z) = Ad
∗
gk
µk(x, y),
(5.11)
where
µk(x¯, y¯) = d(r
∗
gk
L(x¯,y¯, ))(e)
for (x¯, y¯) ∈ U × U (compare equations (5.11) with equations (5.1) and (5.2)).
Discrete Elroy’s beanie. As an example of a lagrangian system on an Atiyah grou-
poid, we consider a discretization of the Elroy’s beanie, which is, probably, the most
simple example of a dynamical system with a non-Abelian Lie group of symmetries.
The continuous system consists in two planar rigid bodies attached at their centers
of mass, moving freely in the plane. The configuration space is Q = SE(2)×S1 with
coordinates (x, y, θ, ψ), where the three first coordinates describe the position and
orientation of the center of mass of the first body and the last one the relative ori-
entation between both bodies. The continuous system is described by a Lagrangian
Lc(x, y, θ, ψ, x˙, y˙, θ˙, ψ˙) =
1
2m(x˙
2+ y˙2)+ 12I1θ˙
2+ 12I2(θ˙+ψ˙)
2−V (ψ) wherem denotes
the mass of the system, I1 and I2 are the inertias of the first and the second body,
respectively, and V is the potential energy. The system admits reduction by SE(2)
symmetry. In fact, the reduced lagrangian lc : TQ/SE(2) ≃ S
1 ×R× se(2)→ R is
lc(ψ, ψ˙,Ω1,Ω2,Ω3) =
1
2
m(Ω21 +Ω
2
2) +
1
2
(I1 + I2)Ω
2
3 +
1
2
I1I2
I1 + I2
ψ˙2 − V (ψ)
where se(2) is the Lie algebra of SE(2), Ω1 = ξ1, Ω2 = ξ2, Ω3 = ξ3 −
I2
I1+I2
ψ˙
and (ξ1, ξ2, ξ3) are the coordinates of an element of se(2) with respect to the basis
e1 =
(
0 0 1
0 0 0
0 0 0
)
, e2 =
(
0 0 0
0 0 1
0 0 0
)
and e3 =
(
0 1 0
−1 0 0
0 0 0
)
. Note that ξ1 = x˙ cos θ + y˙ sin θ,
ξ2 = −x˙ sin θ + y˙ cos θ and ξ3 = −θ˙ −
I2
I1 + I2
ψ˙ (for more details, see [15, 27]).
In order to discretize this system, consider gk =
(
cos θk − sin θk xk
sin θk cos θk yk
0 0 1
)
∈ SE(2). We
construct the discrete connection Ad : (SE(2) × S
1) × (SE(2) × S1) −→ SE(2)
defined by Ad((gk, ψk), (gk+1, ψk+1)) = gk+1A(ψk, ψk+1)g
−1
k , where
A(ψk, ψk+1) =
(
cos(
I2
I1+I2
∆ψk) − sin(
I2
I1+I2
∆ψk) 0
sin(
I2
I1+I2
∆ψk) cos(
I2
I1+I2
∆ψk) 0
0 0 1
)
Here, ∆ψk = ψk+1−ψk. The discrete connection Ad precisely induces the mechan-
ical connection associated with the SE(2)-invariant metric G on Q:
G = mdx⊗ dx+mdy⊗ dy+ (I1 + I2)dθ⊗ dθ+ I2dθ⊗ dψ+ I2dψ⊗ dθ+ I2dψ⊗ dψ
We remark that the continuous Lagrangian Lc is the kinetic energy associated
with G minus the potential energy V .
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Next, we consider the Atiyah groupoid (Q×Q)/SE(2). As we know, using the
discrete connection Ad, one may define a local isomorphism between the Atiyah
groupoid (Q×Q)/SE(2) and the product manifold U × U × SE(2), U being an
open subset of R. Then, as a local discretization of the reduced Lagrangian lc, we
introduce the discrete Lagrangian ld on U × U × SE(2) given by
ld(ψk, ψk+1,Ω(1)k,Ω(2)k,Ω(3)k) =
1
2h2
m
[
Ω2(1)k +Ω
2
(2)k
]
+
(I1 + I2)
h2
[
1− cos(Ω(3)k)
]
+
1
2
I1I2
I1 + I2
(
∆ψk
h
)2
− V (
ψk + ψk+1
2
)
where Ω(1)k = ∆xk cos θk + ∆yk sin θk, Ω(2)k = −∆xk sin θk + ∆yk cos θk and
Ω(3)k = −∆θk −
I2
I1+I2
∆ψk.
Now, if we denote by q¯k = (ψk, ψk+1,Ω(1)k,Ω(2)k,Ω(3)k) then
←−−−−−
(0, Ce1)
∣∣∣
q¯k
= cos(Ω(3)k +
I2
I1+I2
∆ψk)
∂
∂Ω(1)k
− sin(Ω(3)k +
I2
I1+I2
∆ψk)
∂
∂Ω(2)k
←−−−−−
(0, Ce2)
∣∣∣
q¯k
= sin(Ω(3)k +
I2
I1+I2
∆ψk)
∂
∂Ω(1)k
+ cos(Ω(3)k +
I2
I1+I2
∆ψk)
∂
∂Ω(2)k
←−−−−−
(0, Ce3)
∣∣∣
q¯k
= − ∂
∂Ω(3)k
,
−−−−−→
(0, Ce1)
∣∣∣
q¯k
= ∂
∂Ω(1)k
,
−−−−−→
(0, Ce2)
∣∣∣
q¯k
= ∂
∂Ω(2)k
−−−−−→
(0, Ce3)
∣∣∣
q¯k
= − ∂
∂Ω(3)k
+Ω(2)k
∂
∂Ω(1)k
− Ω(1)k
∂
∂Ω(2)k
,
←−−−−
( ∂
∂ψ
, 0)
∣∣∣
q¯k
= ∂
∂ψk+1
,
−−−−→
( ∂
∂ψ
, 0)
∣∣∣
q¯k
= − ∂
∂ψk
+ I2
I1+I2
Ω(2)k
∂
∂Ω(1)k
− I2
I1+I2
Ω(1)k
∂
∂Ω(2)k
Thus, the reduced Discrete Euler-Lagrange equations
←−−−−
(0, Cei)
∣∣∣
q¯k
ld −
−−−−→
(0, Cei)
∣∣∣
q¯k+1
ld = 0,
←−−−−−
(
∂
∂ψ
, 0)
∣∣∣
q¯k
ld −
−−−−−→
(
∂
∂ψ
, 0)
∣∣∣
q¯k+1
ld = 0
are
Ω(1)k+1 = Ω(1)k cos(Ω(3)k +
I2
I1+I2
∆ψk)− Ω(2)k sin(Ω(3)k +
I2
I1+I2
∆ψk)
Ω(2)k+1 = Ω(1)k sin(Ω(3)k +
I2
I1+I2
∆ψk) + Ω(2)k cos(Ω(3)k +
I2
I1+I2
∆ψk)
Ω(3)k+1 = Ω(3)k
I1I2
I1 + I2
ψk+2 − 2ψk+1 + ψk
h2
= −
1
2
(
∂V
∂ψ
(
ψk+2 + ψk+1
2
) +
∂V
∂ψ
(
ψk+1 + ψk
2
)
)
These equations are a discretization of the corresponding reduced equations for the
continuous system (see [15]). In a forthcoming paper [10], we will give a complete
description of this example comparing with the continuous equations.
5.5. Reduction of discrete Lagrangian systems. Next, we will present some
examples of Lie groupoid epimorphisms which allow to do reduction.
• Let G be a Lie group and consider the pair groupoid G × G over G. Consider
also G as a groupoid over one point. Then we have that the map
Φl : G×G −→ G
(g, h) 7→ g−1h
is a Lie groupoid morphism, which is obviously a submersion. Thus, using Corollary
4.7, it follows that the discrete Euler-Lagrange equations for a left invariant discrete
Lagrangian on G × G reduce to the discrete Lie-Poisson equations on G for the
reduced Lagrangian. This case appears in [26] as was first noticed by [31], and also
appear later in [1, 2, 19, 20].
32 J. C. MARRERO, D. MARTI´N DE DIEGO, AND E. MARTI´NEZ
Alternatively, one can do reduction of a right-invariant Lagrangian by using the
morphism
Φr : G×G −→ G
(g, h) 7→ gh−1
• Let G be a Lie group acting on a manifold M by the left. We consider a discrete
Lagrangian on G×G which depends on the variables ofM as parameters Lm(g, h).
In general, the Lagrangian will not be invariant under the action of G, that is
Lm(g, h) 6= Lm(rg, rh). Nevertheless, it can happen that Lm(rg, rh) = Lr−1m(g, h).
In such cases we can consider the Lie groupoid G × G × M over G × M where
accordingly one consider the elements in M as parameters. Then the Lagrangian
can be considered as a function on the groupoid G×G×M given by L(g, h,m) ≡
Lm(g, h) so that the above property reads L(rg, rh, rm) = L(g, h,m). Thus we
define the reduction map
Φ : G×G×M −→ G×M
(g, h,m) 7→ (g−1h, g−1m)
where on G×M we consider the transformation Lie groupoid defined by the right
action m ·g = g−1m. Since this map is a submersion, the Euler-Lagrange equations
on G×G×M reduces to the Euler-Lagrange equations on G×M . This case occurs
in the Lagrange top that was considered as an example in Section 5.3 (see also [2]).
• Another interesting case is that of a G-invariant Lagrangian L defined on the pair
groupoid L : Q ×Q −→ R, where p : Q −→ M is a G-principal bundle. In this
case we can reduce to the Atiyah gauge groupoid by means of the map
Φ : Q×Q −→ (Q×Q)/G
(q, q′) 7→ [(q, q′)]
Thus the discrete Euler-Lagrange equations reduce to the so called discrete Lagrange-
Poincare´ equations.
6. Conclusions and outlook
In this paper we have elucidated the geometrical framework for discrete Me-
chanics on Lie groupoids. Using as a main tool the natural Lie algebroid structure
on the vector bundle πτ : PτG → G we have found intrinsic expressions for the
discrete Euler-Lagrange equations. We introduce the Poincare´-Cartan sections, the
discrete Legendre transformations and the discrete evolution operator in the La-
grangian and in the Hamiltonian formalism. The notion of regularity has been
completely characterized and we prove the symplecticity of the discrete evolution
operators. Moreover, we have studied the symmetries of discrete Lagrangians on
Lie groupoids relating them with constants of the motion via Noether’s Theorems.
The applicablity of these developments has been stated in several interesting exam-
ples, in particular for the case of discrete Lagrange-Poincare´ equations. In fact, the
general theory of discrete symmetry reduction naturally follows from our results.
In this paper we have confined ourselves to the geometrical aspects of mechanics
on Lie groupoids. In a forthcoming paper (see [10]) we will study the construction
of geometric integrators for mechanical systems on Lie algebroids. We will intro-
duce the exact discrete Lagrangian and we will discuss different discretizations of
a continuous Lagrangian and its numerical implementation.
Another different aspect we will work on it in the future is to develop natural
extensions of the above theories for forced systems and systems with holonomic and
nonholonomic constraints.
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